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Maximal Inequality for bounded losses

Proposition : Upperbounding the max of bounded r.v.

Let X1, . . . , Xn be n centered random variables (E [Xi] = 0 for all i) ,
<latexit sha1_base64="n1NYKDuNtKhLVhg4FLmNZi85KNc="></latexit>

such that Xi 2 [a, b] almost surely for all i 2 {1, . . . , n}.
<latexit sha1_base64="0aMUWXcSYkd/jtBvp1ZpKKpBR8s="></latexit>

Then,
<latexit sha1_base64="2XCzItPRWU3hkvmeHXSmJKvbiV0=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnjCtDoAdUEnnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY77kfQ=</latexit>
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Proof : on the black board.
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This bound is trivial for n large enough, since all variables are almost surely upperbounded by b.
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Note that we did not need any independence between the X 0
is.
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<latexit sha1_base64="ElputZ2mMkebH6MbxozlcxcyUp4="></latexit>

Proof : on the black board.

This bound is trivial for n large enough, since all variables are almost surely upperbounded by b.
<latexit sha1_base64="ftgVNgaZovb2D8zoJiB+Q0FnKSQ="></latexit>

are almost surely upperbounded by b.
<latexit sha1_base64="1IksbQ9b9e8RyCBqNjORqkUZZuQ=">AAACFXicbVDLSgNBEJz1bXxFPXoZDIIHCbsq6DHoxaOCeUCyhNnZjg7OziwzPWII+Qkv/ooXD4p4Fbz5N06SPfgqaCiquunuSnIpLIbhZzA1PTM7N7+wWFpaXlldK69vNKx2hkOda6lNK2EWpFBQR4ESWrkBliUSmsnN6chv3oKxQqtL7OcQZ+xKiZ7gDL3ULe91EO5wwAxQJjNtkVpnQPapy3MwiXYqhZQmfTqkSbVbroTVcAz6l0QFqZAC593yRyfV3GWgkEtmbTsKc4z9NhRcwrDUcRZyxm/YFbQ9VSwDGw/GXw3pjldS2tPGl0I6Vr9PDFhmbT9LfGfG8Nr+9kbif17bYe84HgiVOwTFJ4t6TlLUdBQRTYUBjj6DVDBuhL+V8mtmGEcfZMmHEP1++S9p7Fejg+r+xWGldlLEsUC2yDbZJRE5IjVyRs5JnXByTx7JM3kJHoKn4DV4m7ROBcXMJvmB4P0LvtifJA==</latexit>

Note that we did not need any independence between the X 0
is.

<latexit sha1_base64="piFxQzPbTBvGfe6OGY1Ba7DRp50="></latexit>

Proposition : Maximal inequality for bounded losses

Assume the loss ` satisfies 0  `  1.
<latexit sha1_base64="kdAFKjI5SIm+ayabJqiDzJKc00A=">AAACLHicbVDLSgNBEJz1bXxFPXoZDIKnsKuCHqNePEYwKmRDmJ30msHZh9O9YljyQV78FUE8GMSr3+FssgdfBQNFVTU9XUGqFZLrjpyp6ZnZufmFxcrS8srqWnV94xKTzEhoyUQn5joQCFrF0CJFGq5TAyIKNFwFt6eFf3UPBlUSX9AghU4kbmIVKinISt3qqU/wQPkxYhYBpz5wnSDyIfdBaz4xOdowhgoK3eW+hrvSLphX71Zrbt0dg/8lXklqrESzW33xe4m0C2OSWiC2PTelTi4MKalhWPEzhFTIW3EDbUtjEQF28vGxQ75jlR4PE2NfTHysfp/IRYQ4iAKbjAT18bdXiP957YzCo06u4jQjiOVkUZhpTgkvmuM9ZUCSHlgipFH2r1z2hRGSbL8VW4L3++S/5HKv7u3X984Pao2Tso4FtsW22S7z2CFrsDPWZC0m2SN7Zm9s5Dw5r8678zGJTjnlzCb7AefzC8G1pzc=</latexit>

Then,
<latexit sha1_base64="2XCzItPRWU3hkvmeHXSmJKvbiV0=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnjCtDoAdUEnnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY77kfQ=</latexit>
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<latexit sha1_base64="qJOl0P+Ppcbt578Fg1in1xgPuzY="></latexit>

Proof : on the black board.

Remarks :

Taking `  c with c > 0 turns the final bound into c
p

2 log(|H|)/n.
<latexit sha1_base64="zW7cD0SUsCjKkpsNBtaK0QFWPdw="></latexit>

�! Exercise
<latexit sha1_base64="+E8+s9RajhCBCBQjEOF6ALWZFEE=">AAACCXicbVA9SwNBEN3z2/h1ammzGASrcBcFLUURLBVMFJIj7G0myZK93WN3Tg1HWhv/io2FIrb+Azv/jZvkCr8eDDzem2FmXpxKYTEIPr2p6ZnZufmFxdLS8srqmr++Ubc6MxxqXEttrmNmQQoFNRQo4To1wJJYwlXcPxn5VzdgrNDqEgcpRAnrKtERnKGTWj5tSq26RnR7yIzRt7SJcIf56R0YLiwMacsvB5VgDPqXhAUpkwLnLf+j2dY8S0Ahl8zaRhikGOXMoOAShqVmZiFlvM+60HBUsQRslI8/GdIdp7RpRxtXCulY/T6Rs8TaQRK7zoRhz/72RuJ/XiPDzmGUC5VmCIpPFnUySVHTUSy0LQxwlANHGDfC3Up5jxnG0YVXciGEv1/+S+rVSrhXqV7sl4+OizgWyBbZJrskJAfkiJyRc1IjnNyTR/JMXrwH78l79d4mrVNeMbNJfsB7/wJ/55rV</latexit>



Maximal Inequality for bounded losses

Remark :

Proposition : Upperbounding the max of bounded r.v.

Let X1, . . . , Xn be n centered random variables (E [Xi] = 0 for all i) ,
<latexit sha1_base64="n1NYKDuNtKhLVhg4FLmNZi85KNc="></latexit>

such that Xi 2 [a, b] almost surely for all i 2 {1, . . . , n}.
<latexit sha1_base64="0aMUWXcSYkd/jtBvp1ZpKKpBR8s="></latexit>

Then,
<latexit sha1_base64="2XCzItPRWU3hkvmeHXSmJKvbiV0=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnjCtDoAdUEnnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY77kfQ=</latexit>
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2 log(n).

<latexit sha1_base64="ElputZ2mMkebH6MbxozlcxcyUp4="></latexit>

Proof : on the black board.

This bound is trivial for n large enough, since all variables are almost surely upperbounded by b.
<latexit sha1_base64="ftgVNgaZovb2D8zoJiB+Q0FnKSQ="></latexit>

are almost surely upperbounded by b.
<latexit sha1_base64="1IksbQ9b9e8RyCBqNjORqkUZZuQ=">AAACFXicbVDLSgNBEJz1bXxFPXoZDIIHCbsq6DHoxaOCeUCyhNnZjg7OziwzPWII+Qkv/ooXD4p4Fbz5N06SPfgqaCiquunuSnIpLIbhZzA1PTM7N7+wWFpaXlldK69vNKx2hkOda6lNK2EWpFBQR4ESWrkBliUSmsnN6chv3oKxQqtL7OcQZ+xKiZ7gDL3ULe91EO5wwAxQJjNtkVpnQPapy3MwiXYqhZQmfTqkSbVbroTVcAz6l0QFqZAC593yRyfV3GWgkEtmbTsKc4z9NhRcwrDUcRZyxm/YFbQ9VSwDGw/GXw3pjldS2tPGl0I6Vr9PDFhmbT9LfGfG8Nr+9kbif17bYe84HgiVOwTFJ4t6TlLUdBQRTYUBjj6DVDBuhL+V8mtmGEcfZMmHEP1++S9p7Fejg+r+xWGldlLEsUC2yDbZJRE5IjVyRs5JnXByTx7JM3kJHoKn4DV4m7ROBcXMJvmB4P0LvtifJA==</latexit>

Note that we did not need any independence between the X 0
is.

<latexit sha1_base64="piFxQzPbTBvGfe6OGY1Ba7DRp50="></latexit>

Proposition : Maximal inequality for bounded losses

Assume the loss ` satisfies 0  `  1.
<latexit sha1_base64="kdAFKjI5SIm+ayabJqiDzJKc00A=">AAACLHicbVDLSgNBEJz1bXxFPXoZDIKnsKuCHqNePEYwKmRDmJ30msHZh9O9YljyQV78FUE8GMSr3+FssgdfBQNFVTU9XUGqFZLrjpyp6ZnZufmFxcrS8srqWnV94xKTzEhoyUQn5joQCFrF0CJFGq5TAyIKNFwFt6eFf3UPBlUSX9AghU4kbmIVKinISt3qqU/wQPkxYhYBpz5wnSDyIfdBaz4xOdowhgoK3eW+hrvSLphX71Zrbt0dg/8lXklqrESzW33xe4m0C2OSWiC2PTelTi4MKalhWPEzhFTIW3EDbUtjEQF28vGxQ75jlR4PE2NfTHysfp/IRYQ4iAKbjAT18bdXiP957YzCo06u4jQjiOVkUZhpTgkvmuM9ZUCSHlgipFH2r1z2hRGSbL8VW4L3++S/5HKv7u3X984Pao2Tso4FtsW22S7z2CFrsDPWZC0m2SN7Zm9s5Dw5r8678zGJTjnlzCb7AefzC8G1pzc=</latexit>

Then,
<latexit sha1_base64="2XCzItPRWU3hkvmeHXSmJKvbiV0=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnjCtDoAdUEnnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY77kfQ=</latexit>
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<latexit sha1_base64="qJOl0P+Ppcbt578Fg1in1xgPuzY="></latexit>

Proof : on the black board.

Remarks :

Taking `  c with c > 0 turns the final bound into c
p

2 log(|H|)/n.
<latexit sha1_base64="zW7cD0SUsCjKkpsNBtaK0QFWPdw="></latexit>

�! Exercise
<latexit sha1_base64="+E8+s9RajhCBCBQjEOF6ALWZFEE=">AAACCXicbVA9SwNBEN3z2/h1ammzGASrcBcFLUURLBVMFJIj7G0myZK93WN3Tg1HWhv/io2FIrb+Azv/jZvkCr8eDDzem2FmXpxKYTEIPr2p6ZnZufmFxdLS8srqmr++Ubc6MxxqXEttrmNmQQoFNRQo4To1wJJYwlXcPxn5VzdgrNDqEgcpRAnrKtERnKGTWj5tSq26RnR7yIzRt7SJcIf56R0YLiwMacsvB5VgDPqXhAUpkwLnLf+j2dY8S0Ahl8zaRhikGOXMoOAShqVmZiFlvM+60HBUsQRslI8/GdIdp7RpRxtXCulY/T6Rs8TaQRK7zoRhz/72RuJ/XiPDzmGUC5VmCIpPFnUySVHTUSy0LQxwlANHGDfC3Up5jxnG0YVXciGEv1/+S+rVSrhXqV7sl4+OizgWyBbZJrskJAfkiJyRc1IjnNyTR/JMXrwH78l79d4mrVNeMbNJfsB7/wJ/55rV</latexit>

Remember that our general goal was to establish a bound of the form
<latexit sha1_base64="FyGkD+ShMAgFPjDnk3743I7mzUg="></latexit>

of the form
<latexit sha1_base64="L9jetT/W28FV7nq1pJDFNGN9IVI=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcxEQY9BLx4jmAWSIfR0apImPQvdNZIwzK948aCIV3/Em39jZzlo4oOCx3tVVNXzEyk0Os63VdjY3NreKe6W9vYPDo/s43JLx6ni0OSxjFXHZxqkiKCJAiV0EgUs9CW0/fHdzG8/gdIijh5xmoAXsmEkAsEZGqlvl3sIE8zigOIIaBCrMO/bFafqzEHXibskFbJEo29/9QYxT0OIkEumddd1EvQyplBwCXmpl2pIGB+zIXQNjVgI2svmt+f03CiD2WJTEdK5+nsiY6HW09A3nSHDkV71ZuJ/XjfF4MbLRJSkCBFfLApSSTGmsyDoQCjgKKeGMK6EuZXyEVOMo4mrZEJwV19eJ61a1b2s1h6uKvXbZRxFckrOyAVxyTWpk3vSIE3CyYQ8k1fyZuXWi/VufSxaC9Zy5oT8gfX5AyzXlIY=</latexit>

E
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<latexit sha1_base64="ApGEff/MnFIhnhx0VZcfl73i1qc="></latexit>



Maximal Inequality for bounded losses

Remark :

Proposition : Upperbounding the max of bounded r.v.

Let X1, . . . , Xn be n centered random variables (E [Xi] = 0 for all i) ,
<latexit sha1_base64="n1NYKDuNtKhLVhg4FLmNZi85KNc="></latexit>

such that Xi 2 [a, b] almost surely for all i 2 {1, . . . , n}.
<latexit sha1_base64="0aMUWXcSYkd/jtBvp1ZpKKpBR8s="></latexit>

Then,
<latexit sha1_base64="2XCzItPRWU3hkvmeHXSmJKvbiV0=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnjCtDoAdUEnnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY77kfQ=</latexit>

E


max
i2{1,...,n}

Xi

�
 (b� a)

2

p
2 log(n).

<latexit sha1_base64="ElputZ2mMkebH6MbxozlcxcyUp4="></latexit>

Proof : on the black board.

This bound is trivial for n large enough, since all variables are almost surely upperbounded by b.
<latexit sha1_base64="ftgVNgaZovb2D8zoJiB+Q0FnKSQ="></latexit>

are almost surely upperbounded by b.
<latexit sha1_base64="1IksbQ9b9e8RyCBqNjORqkUZZuQ=">AAACFXicbVDLSgNBEJz1bXxFPXoZDIIHCbsq6DHoxaOCeUCyhNnZjg7OziwzPWII+Qkv/ooXD4p4Fbz5N06SPfgqaCiquunuSnIpLIbhZzA1PTM7N7+wWFpaXlldK69vNKx2hkOda6lNK2EWpFBQR4ESWrkBliUSmsnN6chv3oKxQqtL7OcQZ+xKiZ7gDL3ULe91EO5wwAxQJjNtkVpnQPapy3MwiXYqhZQmfTqkSbVbroTVcAz6l0QFqZAC593yRyfV3GWgkEtmbTsKc4z9NhRcwrDUcRZyxm/YFbQ9VSwDGw/GXw3pjldS2tPGl0I6Vr9PDFhmbT9LfGfG8Nr+9kbif17bYe84HgiVOwTFJ4t6TlLUdBQRTYUBjj6DVDBuhL+V8mtmGEcfZMmHEP1++S9p7Fejg+r+xWGldlLEsUC2yDbZJRE5IjVyRs5JnXByTx7JM3kJHoKn4DV4m7ROBcXMJvmB4P0LvtifJA==</latexit>

Note that we did not need any independence between the X 0
is.

<latexit sha1_base64="piFxQzPbTBvGfe6OGY1Ba7DRp50="></latexit>

Proposition : Maximal inequality for bounded losses

Assume the loss ` satisfies 0  `  1.
<latexit sha1_base64="kdAFKjI5SIm+ayabJqiDzJKc00A=">AAACLHicbVDLSgNBEJz1bXxFPXoZDIKnsKuCHqNePEYwKmRDmJ30msHZh9O9YljyQV78FUE8GMSr3+FssgdfBQNFVTU9XUGqFZLrjpyp6ZnZufmFxcrS8srqWnV94xKTzEhoyUQn5joQCFrF0CJFGq5TAyIKNFwFt6eFf3UPBlUSX9AghU4kbmIVKinISt3qqU/wQPkxYhYBpz5wnSDyIfdBaz4xOdowhgoK3eW+hrvSLphX71Zrbt0dg/8lXklqrESzW33xe4m0C2OSWiC2PTelTi4MKalhWPEzhFTIW3EDbUtjEQF28vGxQ75jlR4PE2NfTHysfp/IRYQ4iAKbjAT18bdXiP957YzCo06u4jQjiOVkUZhpTgkvmuM9ZUCSHlgipFH2r1z2hRGSbL8VW4L3++S/5HKv7u3X984Pao2Tso4FtsW22S7z2CFrsDPWZC0m2SN7Zm9s5Dw5r8678zGJTjnlzCb7AefzC8G1pzc=</latexit>

Then,
<latexit sha1_base64="2XCzItPRWU3hkvmeHXSmJKvbiV0=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnjCtDoAdUEnnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY77kfQ=</latexit>
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<latexit sha1_base64="qJOl0P+Ppcbt578Fg1in1xgPuzY="></latexit>

Proof : on the black board.

Remarks :

Taking `  c with c > 0 turns the final bound into c
p

2 log(|H|)/n.
<latexit sha1_base64="zW7cD0SUsCjKkpsNBtaK0QFWPdw="></latexit>

�! Exercise
<latexit sha1_base64="+E8+s9RajhCBCBQjEOF6ALWZFEE=">AAACCXicbVA9SwNBEN3z2/h1ammzGASrcBcFLUURLBVMFJIj7G0myZK93WN3Tg1HWhv/io2FIrb+Azv/jZvkCr8eDDzem2FmXpxKYTEIPr2p6ZnZufmFxdLS8srqmr++Ubc6MxxqXEttrmNmQQoFNRQo4To1wJJYwlXcPxn5VzdgrNDqEgcpRAnrKtERnKGTWj5tSq26RnR7yIzRt7SJcIf56R0YLiwMacsvB5VgDPqXhAUpkwLnLf+j2dY8S0Ahl8zaRhikGOXMoOAShqVmZiFlvM+60HBUsQRslI8/GdIdp7RpRxtXCulY/T6Rs8TaQRK7zoRhz/72RuJ/XiPDzmGUC5VmCIpPFnUySVHTUSy0LQxwlANHGDfC3Up5jxnG0YVXciGEv1/+S+rVSrhXqV7sl4+OizgWyBbZJrskJAfkiJyRc1IjnNyTR/JMXrwH78l79d4mrVNeMbNJfsB7/wJ/55rV</latexit>

The complexity of the Hypothesis class, catured by |H| plays a
<latexit sha1_base64="t8WGoyGcD1nBZiJ1JfB4yIyS9r4="></latexit>

logarithmic role in our final statistical bound.
<latexit sha1_base64="lwAeDGKNpaUCS7J21pH1V3R8bYQ=">AAACKXicbVBNSwMxEM36WetX1aOXYBE8lV0V9Fj04lHBfkC7lGx2tg1mkyWZFcvSv+PFv+JFQVGv/hHT2oNW5xAe782bybwok8Ki7797c/MLi0vLpZXy6tr6xmZla7tpdW44NLiW2rQjZkEKBQ0UKKGdGWBpJKEV3ZyP9dYtGCu0usZhBmHK+kokgjN0VK9S7yLcYTF5o6SQus+MwEEq+IgaLYEKRd0umgjFJLXobBadW9JI5yqujXqVql/zJ0X/gmAKqmRal73KczfWPE9BIZfM2k7gZxgWzLixEkblbm4hY/yG9aHjoGIp2LCYXDqi+46JaaLdh7RCOmF/OgqWWjtMI9eZMhzYWW1M/qd1ckxOw0KoLEdQ/HtRkkuKmo5jo7EwwFEOHWDcJSQ45QNmGEcXbtmFEMye/Bc0D2vBUe3w6rhaP5vGUSK7ZI8ckICckDq5IJekQTi5J4/khbx6D96T9+Z9fLfOeVPPDvlV3ucXF12oUA==</latexit>

Remember that our general goal was to establish a bound of the form
<latexit sha1_base64="FyGkD+ShMAgFPjDnk3743I7mzUg="></latexit>

of the form
<latexit sha1_base64="L9jetT/W28FV7nq1pJDFNGN9IVI=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcxEQY9BLx4jmAWSIfR0apImPQvdNZIwzK948aCIV3/Em39jZzlo4oOCx3tVVNXzEyk0Os63VdjY3NreKe6W9vYPDo/s43JLx6ni0OSxjFXHZxqkiKCJAiV0EgUs9CW0/fHdzG8/gdIijh5xmoAXsmEkAsEZGqlvl3sIE8zigOIIaBCrMO/bFafqzEHXibskFbJEo29/9QYxT0OIkEumddd1EvQyplBwCXmpl2pIGB+zIXQNjVgI2svmt+f03CiD2WJTEdK5+nsiY6HW09A3nSHDkV71ZuJ/XjfF4MbLRJSkCBFfLApSSTGmsyDoQCjgKKeGMK6EuZXyEVOMo4mrZEJwV19eJ61a1b2s1h6uKvXbZRxFckrOyAVxyTWpk3vSIE3CyYQ8k1fyZuXWi/VufSxaC9Zy5oT8gfX5AyzXlIY=</latexit>

E
"
sup
f2H

r(f)�R(f)

#

 (H)

n↵
<latexit sha1_base64="ApGEff/MnFIhnhx0VZcfl73i1qc="></latexit>



Maximal Inequality for bounded losses

Remark :

Proposition : Upperbounding the max of bounded r.v.

Let X1, . . . , Xn be n centered random variables (E [Xi] = 0 for all i) ,
<latexit sha1_base64="n1NYKDuNtKhLVhg4FLmNZi85KNc="></latexit>

such that Xi 2 [a, b] almost surely for all i 2 {1, . . . , n}.
<latexit sha1_base64="0aMUWXcSYkd/jtBvp1ZpKKpBR8s="></latexit>

Then,
<latexit sha1_base64="2XCzItPRWU3hkvmeHXSmJKvbiV0=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnjCtDoAdUEnnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY77kfQ=</latexit>

E


max
i2{1,...,n}

Xi

�
 (b� a)

2

p
2 log(n).

<latexit sha1_base64="ElputZ2mMkebH6MbxozlcxcyUp4="></latexit>

Proof : on the black board.

This bound is trivial for n large enough, since all variables are almost surely upperbounded by b.
<latexit sha1_base64="ftgVNgaZovb2D8zoJiB+Q0FnKSQ="></latexit>

are almost surely upperbounded by b.
<latexit sha1_base64="1IksbQ9b9e8RyCBqNjORqkUZZuQ=">AAACFXicbVDLSgNBEJz1bXxFPXoZDIIHCbsq6DHoxaOCeUCyhNnZjg7OziwzPWII+Qkv/ooXD4p4Fbz5N06SPfgqaCiquunuSnIpLIbhZzA1PTM7N7+wWFpaXlldK69vNKx2hkOda6lNK2EWpFBQR4ESWrkBliUSmsnN6chv3oKxQqtL7OcQZ+xKiZ7gDL3ULe91EO5wwAxQJjNtkVpnQPapy3MwiXYqhZQmfTqkSbVbroTVcAz6l0QFqZAC593yRyfV3GWgkEtmbTsKc4z9NhRcwrDUcRZyxm/YFbQ9VSwDGw/GXw3pjldS2tPGl0I6Vr9PDFhmbT9LfGfG8Nr+9kbif17bYe84HgiVOwTFJ4t6TlLUdBQRTYUBjj6DVDBuhL+V8mtmGEcfZMmHEP1++S9p7Fejg+r+xWGldlLEsUC2yDbZJRE5IjVyRs5JnXByTx7JM3kJHoKn4DV4m7ROBcXMJvmB4P0LvtifJA==</latexit>

Note that we did not need any independence between the X 0
is.

<latexit sha1_base64="piFxQzPbTBvGfe6OGY1Ba7DRp50="></latexit>

Proposition : Maximal inequality for bounded losses

Assume the loss ` satisfies 0  `  1.
<latexit sha1_base64="kdAFKjI5SIm+ayabJqiDzJKc00A=">AAACLHicbVDLSgNBEJz1bXxFPXoZDIKnsKuCHqNePEYwKmRDmJ30msHZh9O9YljyQV78FUE8GMSr3+FssgdfBQNFVTU9XUGqFZLrjpyp6ZnZufmFxcrS8srqWnV94xKTzEhoyUQn5joQCFrF0CJFGq5TAyIKNFwFt6eFf3UPBlUSX9AghU4kbmIVKinISt3qqU/wQPkxYhYBpz5wnSDyIfdBaz4xOdowhgoK3eW+hrvSLphX71Zrbt0dg/8lXklqrESzW33xe4m0C2OSWiC2PTelTi4MKalhWPEzhFTIW3EDbUtjEQF28vGxQ75jlR4PE2NfTHysfp/IRYQ4iAKbjAT18bdXiP957YzCo06u4jQjiOVkUZhpTgkvmuM9ZUCSHlgipFH2r1z2hRGSbL8VW4L3++S/5HKv7u3X984Pao2Tso4FtsW22S7z2CFrsDPWZC0m2SN7Zm9s5Dw5r8678zGJTjnlzCb7AefzC8G1pzc=</latexit>

Then,
<latexit sha1_base64="2XCzItPRWU3hkvmeHXSmJKvbiV0=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnjCtDoAdUEnnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY77kfQ=</latexit>

E

max
f2H

r(f)�R(f)

�
6

r
2 log(|H|)

n
.

<latexit sha1_base64="qJOl0P+Ppcbt578Fg1in1xgPuzY="></latexit>

Proof : on the black board.

Remarks :

Taking `  c with c > 0 turns the final bound into c
p

2 log(|H|)/n.
<latexit sha1_base64="zW7cD0SUsCjKkpsNBtaK0QFWPdw="></latexit>

�! Exercise
<latexit sha1_base64="+E8+s9RajhCBCBQjEOF6ALWZFEE=">AAACCXicbVA9SwNBEN3z2/h1ammzGASrcBcFLUURLBVMFJIj7G0myZK93WN3Tg1HWhv/io2FIrb+Azv/jZvkCr8eDDzem2FmXpxKYTEIPr2p6ZnZufmFxdLS8srqmr++Ubc6MxxqXEttrmNmQQoFNRQo4To1wJJYwlXcPxn5VzdgrNDqEgcpRAnrKtERnKGTWj5tSq26RnR7yIzRt7SJcIf56R0YLiwMacsvB5VgDPqXhAUpkwLnLf+j2dY8S0Ahl8zaRhikGOXMoOAShqVmZiFlvM+60HBUsQRslI8/GdIdp7RpRxtXCulY/T6Rs8TaQRK7zoRhz/72RuJ/XiPDzmGUC5VmCIpPFnUySVHTUSy0LQxwlANHGDfC3Up5jxnG0YVXciGEv1/+S+rVSrhXqV7sl4+OizgWyBbZJrskJAfkiJyRc1IjnNyTR/JMXrwH78l79d4mrVNeMbNJfsB7/wJ/55rV</latexit>

The complexity of the Hypothesis class, catured by |H| plays a
<latexit sha1_base64="t8WGoyGcD1nBZiJ1JfB4yIyS9r4="></latexit>

logarithmic role in our final statistical bound.
<latexit sha1_base64="lwAeDGKNpaUCS7J21pH1V3R8bYQ=">AAACKXicbVBNSwMxEM36WetX1aOXYBE8lV0V9Fj04lHBfkC7lGx2tg1mkyWZFcvSv+PFv+JFQVGv/hHT2oNW5xAe782bybwok8Ki7797c/MLi0vLpZXy6tr6xmZla7tpdW44NLiW2rQjZkEKBQ0UKKGdGWBpJKEV3ZyP9dYtGCu0usZhBmHK+kokgjN0VK9S7yLcYTF5o6SQus+MwEEq+IgaLYEKRd0umgjFJLXobBadW9JI5yqujXqVql/zJ0X/gmAKqmRal73KczfWPE9BIZfM2k7gZxgWzLixEkblbm4hY/yG9aHjoGIp2LCYXDqi+46JaaLdh7RCOmF/OgqWWjtMI9eZMhzYWW1M/qd1ckxOw0KoLEdQ/HtRkkuKmo5jo7EwwFEOHWDcJSQ45QNmGEcXbtmFEMye/Bc0D2vBUe3w6rhaP5vGUSK7ZI8ckICckDq5IJekQTi5J4/khbx6D96T9+Z9fLfOeVPPDvlV3ucXF12oUA==</latexit>

Remember that our general goal was to establish a bound of the form
<latexit sha1_base64="FyGkD+ShMAgFPjDnk3743I7mzUg="></latexit>

of the form
<latexit sha1_base64="L9jetT/W28FV7nq1pJDFNGN9IVI=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcxEQY9BLx4jmAWSIfR0apImPQvdNZIwzK948aCIV3/Em39jZzlo4oOCx3tVVNXzEyk0Os63VdjY3NreKe6W9vYPDo/s43JLx6ni0OSxjFXHZxqkiKCJAiV0EgUs9CW0/fHdzG8/gdIijh5xmoAXsmEkAsEZGqlvl3sIE8zigOIIaBCrMO/bFafqzEHXibskFbJEo29/9QYxT0OIkEumddd1EvQyplBwCXmpl2pIGB+zIXQNjVgI2svmt+f03CiD2WJTEdK5+nsiY6HW09A3nSHDkV71ZuJ/XjfF4MbLRJSkCBFfLApSSTGmsyDoQCjgKKeGMK6EuZXyEVOMo4mrZEJwV19eJ61a1b2s1h6uKvXbZRxFckrOyAVxyTWpk3vSIE3CyYQ8k1fyZuXWi/VufSxaC9Zy5oT8gfX5AyzXlIY=</latexit>

E
"
sup
f2H

r(f)�R(f)

#

 (H)

n↵
<latexit sha1_base64="ApGEff/MnFIhnhx0VZcfl73i1qc="></latexit>

The dependency on n scales as
1

n↵
with ↵ = 0.5.

<latexit sha1_base64="L0JBuAtN96JJTb24sqfngrmCfnE="></latexit>

This will be a common characteristic of our upcoming results.
<latexit sha1_base64="Uyq14AT9A10NPHXjIvQ/rZpO4nE=">AAACLXicbVDLSgNBEJz1bXxFPXoZDIKnsKuCHkU9eFQwRkhCmJ30JoPzWGZ61bDkh7z4KyJ4UMSrv+HkgWhiwUBR1U1NV5xK4TAM34Kp6ZnZufmFxcLS8srqWnF949qZzHKocCONvYmZAyk0VFCghJvUAlOxhGp8e9r3q3dgnTD6CrspNBRra5EIztBLzeJZHeEB86uOcPReSEljoIxyo5TRlHeYZRzB+n8ITk1CfSzNUm8L3aYWXCbRlXvNYikshwPQSRKNSImMcNEsvtRbhmcKNHLJnKtFYYqNnFkfI6FXqGcOUsZvWRtqnmqmwDXywbU9uuOVFk2M9U8jHai/N3KmnOuq2E8qhh037vXF/7xahslRIxc6zRA0HwYlmaRoaL862hIWOMquJ4xb0a/kpyFX8CVE4ydPkuu9crRf3rs8KB2fjOpYIFtkm+ySiBySY3JOLkiFcPJInskbeQ+egtfgI/gcjk4Fo51N8gfB1zfl6akn</latexit>



Maximal Inequality for bounded losses

Remark :

Proposition : Upperbounding the max of bounded r.v.

Let X1, . . . , Xn be n centered random variables (E [Xi] = 0 for all i) ,
<latexit sha1_base64="n1NYKDuNtKhLVhg4FLmNZi85KNc="></latexit>

such that Xi 2 [a, b] almost surely for all i 2 {1, . . . , n}.
<latexit sha1_base64="0aMUWXcSYkd/jtBvp1ZpKKpBR8s="></latexit>

Then,
<latexit sha1_base64="2XCzItPRWU3hkvmeHXSmJKvbiV0=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnjCtDoAdUEnnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY77kfQ=</latexit>

E


max
i2{1,...,n}

Xi

�
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2

p
2 log(n).

<latexit sha1_base64="ElputZ2mMkebH6MbxozlcxcyUp4="></latexit>

Proof : on the black board.

This bound is trivial for n large enough, since all variables are almost surely upperbounded by b.
<latexit sha1_base64="ftgVNgaZovb2D8zoJiB+Q0FnKSQ="></latexit>

are almost surely upperbounded by b.
<latexit sha1_base64="1IksbQ9b9e8RyCBqNjORqkUZZuQ=">AAACFXicbVDLSgNBEJz1bXxFPXoZDIIHCbsq6DHoxaOCeUCyhNnZjg7OziwzPWII+Qkv/ooXD4p4Fbz5N06SPfgqaCiquunuSnIpLIbhZzA1PTM7N7+wWFpaXlldK69vNKx2hkOda6lNK2EWpFBQR4ESWrkBliUSmsnN6chv3oKxQqtL7OcQZ+xKiZ7gDL3ULe91EO5wwAxQJjNtkVpnQPapy3MwiXYqhZQmfTqkSbVbroTVcAz6l0QFqZAC593yRyfV3GWgkEtmbTsKc4z9NhRcwrDUcRZyxm/YFbQ9VSwDGw/GXw3pjldS2tPGl0I6Vr9PDFhmbT9LfGfG8Nr+9kbif17bYe84HgiVOwTFJ4t6TlLUdBQRTYUBjj6DVDBuhL+V8mtmGEcfZMmHEP1++S9p7Fejg+r+xWGldlLEsUC2yDbZJRE5IjVyRs5JnXByTx7JM3kJHoKn4DV4m7ROBcXMJvmB4P0LvtifJA==</latexit>

Note that we did not need any independence between the X 0
is.

<latexit sha1_base64="piFxQzPbTBvGfe6OGY1Ba7DRp50="></latexit>

Proposition : Maximal inequality for bounded losses

Assume the loss ` satisfies 0  `  1.
<latexit sha1_base64="kdAFKjI5SIm+ayabJqiDzJKc00A=">AAACLHicbVDLSgNBEJz1bXxFPXoZDIKnsKuCHqNePEYwKmRDmJ30msHZh9O9YljyQV78FUE8GMSr3+FssgdfBQNFVTU9XUGqFZLrjpyp6ZnZufmFxcrS8srqWnV94xKTzEhoyUQn5joQCFrF0CJFGq5TAyIKNFwFt6eFf3UPBlUSX9AghU4kbmIVKinISt3qqU/wQPkxYhYBpz5wnSDyIfdBaz4xOdowhgoK3eW+hrvSLphX71Zrbt0dg/8lXklqrESzW33xe4m0C2OSWiC2PTelTi4MKalhWPEzhFTIW3EDbUtjEQF28vGxQ75jlR4PE2NfTHysfp/IRYQ4iAKbjAT18bdXiP957YzCo06u4jQjiOVkUZhpTgkvmuM9ZUCSHlgipFH2r1z2hRGSbL8VW4L3++S/5HKv7u3X984Pao2Tso4FtsW22S7z2CFrsDPWZC0m2SN7Zm9s5Dw5r8678zGJTjnlzCb7AefzC8G1pzc=</latexit>

Then,
<latexit sha1_base64="2XCzItPRWU3hkvmeHXSmJKvbiV0=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnjCtDoAdUEnnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY77kfQ=</latexit>

E

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2 log(|H|)
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.

<latexit sha1_base64="qJOl0P+Ppcbt578Fg1in1xgPuzY="></latexit>

Proof : on the black board.

Remarks :

Taking `  c with c > 0 turns the final bound into c
p

2 log(|H|)/n.
<latexit sha1_base64="zW7cD0SUsCjKkpsNBtaK0QFWPdw="></latexit>

�! Exercise
<latexit sha1_base64="+E8+s9RajhCBCBQjEOF6ALWZFEE=">AAACCXicbVA9SwNBEN3z2/h1ammzGASrcBcFLUURLBVMFJIj7G0myZK93WN3Tg1HWhv/io2FIrb+Azv/jZvkCr8eDDzem2FmXpxKYTEIPr2p6ZnZufmFxdLS8srqmr++Ubc6MxxqXEttrmNmQQoFNRQo4To1wJJYwlXcPxn5VzdgrNDqEgcpRAnrKtERnKGTWj5tSq26RnR7yIzRt7SJcIf56R0YLiwMacsvB5VgDPqXhAUpkwLnLf+j2dY8S0Ahl8zaRhikGOXMoOAShqVmZiFlvM+60HBUsQRslI8/GdIdp7RpRxtXCulY/T6Rs8TaQRK7zoRhz/72RuJ/XiPDzmGUC5VmCIpPFnUySVHTUSy0LQxwlANHGDfC3Up5jxnG0YVXciGEv1/+S+rVSrhXqV7sl4+OizgWyBbZJrskJAfkiJyRc1IjnNyTR/JMXrwH78l79d4mrVNeMbNJfsB7/wJ/55rV</latexit>

The complexity of the Hypothesis class, catured by |H| plays a
<latexit sha1_base64="t8WGoyGcD1nBZiJ1JfB4yIyS9r4="></latexit>

logarithmic role in our final statistical bound.
<latexit sha1_base64="lwAeDGKNpaUCS7J21pH1V3R8bYQ=">AAACKXicbVBNSwMxEM36WetX1aOXYBE8lV0V9Fj04lHBfkC7lGx2tg1mkyWZFcvSv+PFv+JFQVGv/hHT2oNW5xAe782bybwok8Ki7797c/MLi0vLpZXy6tr6xmZla7tpdW44NLiW2rQjZkEKBQ0UKKGdGWBpJKEV3ZyP9dYtGCu0usZhBmHK+kokgjN0VK9S7yLcYTF5o6SQus+MwEEq+IgaLYEKRd0umgjFJLXobBadW9JI5yqujXqVql/zJ0X/gmAKqmRal73KczfWPE9BIZfM2k7gZxgWzLixEkblbm4hY/yG9aHjoGIp2LCYXDqi+46JaaLdh7RCOmF/OgqWWjtMI9eZMhzYWW1M/qd1ckxOw0KoLEdQ/HtRkkuKmo5jo7EwwFEOHWDcJSQ45QNmGEcXbtmFEMye/Bc0D2vBUe3w6rhaP5vGUSK7ZI8ckICckDq5IJekQTi5J4/khbx6D96T9+Z9fLfOeVPPDvlV3ucXF12oUA==</latexit>

Remember that our general goal was to establish a bound of the form
<latexit sha1_base64="FyGkD+ShMAgFPjDnk3743I7mzUg="></latexit>

of the form
<latexit sha1_base64="L9jetT/W28FV7nq1pJDFNGN9IVI=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcxEQY9BLx4jmAWSIfR0apImPQvdNZIwzK948aCIV3/Em39jZzlo4oOCx3tVVNXzEyk0Os63VdjY3NreKe6W9vYPDo/s43JLx6ni0OSxjFXHZxqkiKCJAiV0EgUs9CW0/fHdzG8/gdIijh5xmoAXsmEkAsEZGqlvl3sIE8zigOIIaBCrMO/bFafqzEHXibskFbJEo29/9QYxT0OIkEumddd1EvQyplBwCXmpl2pIGB+zIXQNjVgI2svmt+f03CiD2WJTEdK5+nsiY6HW09A3nSHDkV71ZuJ/XjfF4MbLRJSkCBFfLApSSTGmsyDoQCjgKKeGMK6EuZXyEVOMo4mrZEJwV19eJ61a1b2s1h6uKvXbZRxFckrOyAVxyTWpk3vSIE3CyYQ8k1fyZuXWi/VufSxaC9Zy5oT8gfX5AyzXlIY=</latexit>

E
"
sup
f2H

r(f)�R(f)

#

 (H)

n↵
<latexit sha1_base64="ApGEff/MnFIhnhx0VZcfl73i1qc="></latexit>

The dependency on n scales as
1

n↵
with ↵ = 0.5.

<latexit sha1_base64="L0JBuAtN96JJTb24sqfngrmCfnE="></latexit>

This will be a common characteristic of our upcoming results.
<latexit sha1_base64="Uyq14AT9A10NPHXjIvQ/rZpO4nE=">AAACLXicbVDLSgNBEJz1bXxFPXoZDIKnsKuCHkU9eFQwRkhCmJ30JoPzWGZ61bDkh7z4KyJ4UMSrv+HkgWhiwUBR1U1NV5xK4TAM34Kp6ZnZufmFxcLS8srqWnF949qZzHKocCONvYmZAyk0VFCghJvUAlOxhGp8e9r3q3dgnTD6CrspNBRra5EIztBLzeJZHeEB86uOcPReSEljoIxyo5TRlHeYZRzB+n8ITk1CfSzNUm8L3aYWXCbRlXvNYikshwPQSRKNSImMcNEsvtRbhmcKNHLJnKtFYYqNnFkfI6FXqGcOUsZvWRtqnmqmwDXywbU9uuOVFk2M9U8jHai/N3KmnOuq2E8qhh037vXF/7xahslRIxc6zRA0HwYlmaRoaL862hIWOMquJ4xb0a/kpyFX8CVE4ydPkuu9crRf3rs8KB2fjOpYIFtkm+ySiBySY3JOLkiFcPJInskbeQ+egtfgI/gcjk4Fo51N8gfB1zfl6akn</latexit>

When |H| is infinite, this bound is not exploitable.
<latexit sha1_base64="/b3r+Yh/NEf93WiDc6OIpnz72aI="></latexit>



1. Supervised Learning Setting

2. Estimation vs Approximation

3. Maximal inequalities

4. Rademacher Complexity
Size of H

<latexit sha1_base64="3ASAHgnOV4MN29cUiyOIWQiwFAs=">AAACBHicbVA9TwJBEN3DL8Qv1JJmIzGxIndooiXRhhKjfCRAyN4yBxv2PrI7Z8QLhY1/xcZCY2z9EXb+G/eAQsGXTPLy3kxm5rmRFBpt+9vKrKyurW9kN3Nb2zu7e/n9g4YOY8WhzkMZqpbLNEgRQB0FSmhFCpjvSmi6o6vUb96B0iIMbnEcQddng0B4gjM0Ui9f6CDcY3IjHoCGHp3Qjs9wyJlMqpNevmiX7CnoMnHmpEjmqPXyX51+yGMfAuSSad127Ai7CVMouIRJrhNriBgfsQG0DQ2YD7qbTJ+Y0GOj9KkXKlMB0qn6eyJhvtZj3zWd6Yl60UvF/7x2jN5FNxFBFCMEfLbIiyXFkKaJ0L5QwFGODWFcCXMr5UOmGEeTW86E4Cy+vEwa5ZJzWipfnxUrl/M4sqRAjsgJccg5qZAqqZE64eSRPJNX8mY9WS/Wu/Uxa81Y85lD8gfW5w+tLJgc</latexit>

Best Error
<latexit sha1_base64="YbrW+KzpYKTCmpDzsodxxf6hV5M=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHajoMcQETxGMA9IljA76SRDZh/M9Kphzad48aCIV7/Em3/jJNmDJhY0FFXddHf5sRQaHefbWlldW9/YzG3lt3d29/btwkFDR4niUOeRjFTLZxqkCKGOAiW0YgUs8CU0/dHV1G/eg9IiCu9wHIMXsEEo+oIzNFLXLnQQHjGtgkZ6rVSkJl276JScGegycTNSJBlqXfur04t4EkCIXDKt264To5cyhYJLmOQ7iYaY8REbQNvQkAWgvXR2+oSeGKVH+5EyFSKdqb8nUhZoPQ580xkwHOpFbyr+57UT7F96qQjjBCHk80X9RFKM6DQH2hMKOMqxIYwrYW6lfMgU42jSypsQ3MWXl0mjXHLPSuXb82KlmsWRI0fkmJwSl1yQCrkhNVInnDyQZ/JK3qwn68V6tz7mrStWNnNI/sD6/AGEoJQq</latexit>

Approximation error

Estimation error

Total error
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Rademacher Complexity of a set

Definition : Rademacher random variables

A Rademacher random variable is a random variable X : ⌦ ! {�1, 1} such that
<latexit sha1_base64="gLxmC20mLOMUpuQufBKOoq1bzN8="></latexit>

such that
<latexit sha1_base64="9yu61rAXRIg0dONmNvl4lYYyZSE=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GPQi8cI5gHJEmYnvdkhsw9meoNhyZ948aCIV//Em3/jJNmDJhY0FFXddHf5qRQaHefbWlvf2NzaLu2Ud/f2Dw7to+OWTjLFockTmaiOzzRIEUMTBUropApY5Eto+6O7md8eg9IiiR9xkoIXsWEsAsEZGqlv2z2EJ8x1xkOKIcNp3644VWcOukrcglRIgUbf/uoNEp5FECOXTOuu66To5Uyh4BKm5V6mIWV8xIbQNTRmEWgvn18+pedGGdAgUaZipHP190TOIq0nkW86I4ahXvZm4n9eN8PgxstFnGYIMV8sCjJJMaGzGOhAKOAoJ4YwroS5lfKQKcbRhFU2IbjLL6+SVq3qXlZrD1eV+m0RR4mckjNyQVxyTerknjRIk3AyJs/klbxZufVivVsfi9Y1q5g5IX9gff4ADF2T7A==</latexit>

P [X = 1] = P [X = �1] = 1/2.
<latexit sha1_base64="Bg8Yl4a6sl4g5jXcxbg5iA6T0gM=">AAACKHicbVDLSsNAFJ34rPVVdelmsAhujEkVdFMsunFZwT4gCWUynbRDJw9mboQS+jlu/BU3Iop065c4abuorQcuHM65l3vv8RPBFVjW2FhZXVvf2CxsFbd3dvf2SweHTRWnkrIGjUUs2z5RTPCINYCDYO1EMhL6grX8wX3ut56ZVDyOnmCYMC8kvYgHnBLQUqd064YE+r6f1UeuYAE47artSt7rg4ereNk8n3Pti4rZKZUt05oALxN7Rspohnqn9OF2Y5qGLAIqiFKObSXgZUQCp4KNim6qWELogPSYo2lEQqa8bPLoCJ9qpYuDWOqKAE/U+YmMhEoNQ1935perRS8X//OcFIIbL+NRkgKL6HRRkAoMMc5Tw10uGQUx1IRQyfWtmPaJJBR0tkUdgr348jJpVkz70qw8XpVrd7M4CugYnaAzZKNrVEMPqI4aiKIX9IY+0Zfxarwb38Z42rpizGaO0B8YP7/uHKUu</latexit>

Rademacher variables and complexity of a set



Rademacher Complexity of a set

Definition : Rademacher random variables

A Rademacher random variable is a random variable X : ⌦ ! {�1, 1} such that
<latexit sha1_base64="gLxmC20mLOMUpuQufBKOoq1bzN8="></latexit>

such that
<latexit sha1_base64="9yu61rAXRIg0dONmNvl4lYYyZSE=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GPQi8cI5gHJEmYnvdkhsw9meoNhyZ948aCIV//Em3/jJNmDJhY0FFXddHf5qRQaHefbWlvf2NzaLu2Ud/f2Dw7to+OWTjLFockTmaiOzzRIEUMTBUropApY5Eto+6O7md8eg9IiiR9xkoIXsWEsAsEZGqlv2z2EJ8x1xkOKIcNp3644VWcOukrcglRIgUbf/uoNEp5FECOXTOuu66To5Uyh4BKm5V6mIWV8xIbQNTRmEWgvn18+pedGGdAgUaZipHP190TOIq0nkW86I4ahXvZm4n9eN8PgxstFnGYIMV8sCjJJMaGzGOhAKOAoJ4YwroS5lfKQKcbRhFU2IbjLL6+SVq3qXlZrD1eV+m0RR4mckjNyQVxyTerknjRIk3AyJs/klbxZufVivVsfi9Y1q5g5IX9gff4ADF2T7A==</latexit>

P [X = 1] = P [X = �1] = 1/2.
<latexit sha1_base64="Bg8Yl4a6sl4g5jXcxbg5iA6T0gM=">AAACKHicbVDLSsNAFJ34rPVVdelmsAhujEkVdFMsunFZwT4gCWUynbRDJw9mboQS+jlu/BU3Iop065c4abuorQcuHM65l3vv8RPBFVjW2FhZXVvf2CxsFbd3dvf2SweHTRWnkrIGjUUs2z5RTPCINYCDYO1EMhL6grX8wX3ut56ZVDyOnmCYMC8kvYgHnBLQUqd064YE+r6f1UeuYAE47artSt7rg4ereNk8n3Pti4rZKZUt05oALxN7Rspohnqn9OF2Y5qGLAIqiFKObSXgZUQCp4KNim6qWELogPSYo2lEQqa8bPLoCJ9qpYuDWOqKAE/U+YmMhEoNQ1935perRS8X//OcFIIbL+NRkgKL6HRRkAoMMc5Tw10uGQUx1IRQyfWtmPaJJBR0tkUdgr348jJpVkz70qw8XpVrd7M4CugYnaAzZKNrVEMPqI4aiKIX9IY+0Zfxarwb38Z42rpizGaO0B8YP7/uHKUu</latexit>

Remark :

Rademacher variables and complexity of a set



Rademacher Complexity of a set

Definition : Rademacher random variables

A Rademacher random variable is a random variable X : ⌦ ! {�1, 1} such that
<latexit sha1_base64="gLxmC20mLOMUpuQufBKOoq1bzN8="></latexit>

such that
<latexit sha1_base64="9yu61rAXRIg0dONmNvl4lYYyZSE=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GPQi8cI5gHJEmYnvdkhsw9meoNhyZ948aCIV//Em3/jJNmDJhY0FFXddHf5qRQaHefbWlvf2NzaLu2Ud/f2Dw7to+OWTjLFockTmaiOzzRIEUMTBUropApY5Eto+6O7md8eg9IiiR9xkoIXsWEsAsEZGqlv2z2EJ8x1xkOKIcNp3644VWcOukrcglRIgUbf/uoNEp5FECOXTOuu66To5Uyh4BKm5V6mIWV8xIbQNTRmEWgvn18+pedGGdAgUaZipHP190TOIq0nkW86I4ahXvZm4n9eN8PgxstFnGYIMV8sCjJJMaGzGOhAKOAoJ4YwroS5lfKQKcbRhFU2IbjLL6+SVq3qXlZrD1eV+m0RR4mckjNyQVxyTerknjRIk3AyJs/klbxZufVivVsfi9Y1q5g5IX9gff4ADF2T7A==</latexit>

P [X = 1] = P [X = �1] = 1/2.
<latexit sha1_base64="Bg8Yl4a6sl4g5jXcxbg5iA6T0gM=">AAACKHicbVDLSsNAFJ34rPVVdelmsAhujEkVdFMsunFZwT4gCWUynbRDJw9mboQS+jlu/BU3Iop065c4abuorQcuHM65l3vv8RPBFVjW2FhZXVvf2CxsFbd3dvf2SweHTRWnkrIGjUUs2z5RTPCINYCDYO1EMhL6grX8wX3ut56ZVDyOnmCYMC8kvYgHnBLQUqd064YE+r6f1UeuYAE47artSt7rg4ereNk8n3Pti4rZKZUt05oALxN7Rspohnqn9OF2Y5qGLAIqiFKObSXgZUQCp4KNim6qWELogPSYo2lEQqa8bPLoCJ9qpYuDWOqKAE/U+YmMhEoNQ1935perRS8X//OcFIIbL+NRkgKL6HRRkAoMMc5Tw10uGQUx1IRQyfWtmPaJJBR0tkUdgr348jJpVkz70qw8XpVrd7M4CugYnaAzZKNrVEMPqI4aiKIX9IY+0Zfxarwb38Z42rpizGaO0B8YP7/uHKUu</latexit>

Remark :

If U ⇠ B(1/2), then X , 2U � 1 is a Rademacher variable.
<latexit sha1_base64="hiQxJMqvD5bDFOA2KGkunp4b7uc="></latexit>

Definition : Rademacher complexity of a set

Let ⌦1, . . . ,⌦n be n independent Rademacher variables.
<latexit sha1_base64="eKDEWPuHQXk68iSeVVnKZTiUSsM="></latexit>

The Rademacher complexity of a set T ⇢ Rn, denoted Rad(T ), is defined as:
<latexit sha1_base64="8nzfS319ddC9jHFeUxdAqd3nloM="></latexit>

is defined as:
<latexit sha1_base64="YwrUWgjD8SpOdiYWN+n9DloQ12c=">AAACAHicbVC7SgNBFJ31GeMramFhMxgEq7AbBcUqaGMZwTwgWcLs7N1kyOyDmbtiWNL4KzYWitj6GXb+jZNkC008cOFwzr0z9x4vkUKjbX9bS8srq2vrhY3i5tb2zm5pb7+p41RxaPBYxqrtMQ1SRNBAgRLaiQIWehJa3vBm4rceQGkRR/c4SsANWT8SgeAMjdQrHXYRHpFmQlMfAvOIT5m+ouNeqWxX7CnoInFyUiY56r3SV9ePeRpChFwyrTuOnaCbMYWCSxgXu6mGhPEh60PH0IiFoN1sesCYnhjFp0GsTEVIp+rviYyFWo9Cz3SGDAd63puI/3mdFINLNxNRkiJEfPZRkEqKMZ2kQX2hgKMcGcK4EmZXygdMMY4ms6IJwZk/eZE0qxXnrFK9Oy/XrvM4CuSIHJNT4pALUiO3pE4ahJMxeSav5M16sl6sd+tj1rpk5TMH5A+szx/Ug5Xn</latexit>

Rad(T ) = E
"
sup
t2T

1

n

nX

i=1

⌦iti

#
.

<latexit sha1_base64="osKx96UzyqNs50VRLP6Zf/2icR4="></latexit>

Rademacher variables and complexity of a set



Rademacher Complexity of a set

Definition : Rademacher random variables

A Rademacher random variable is a random variable X : ⌦ ! {�1, 1} such that
<latexit sha1_base64="gLxmC20mLOMUpuQufBKOoq1bzN8="></latexit>

such that
<latexit sha1_base64="9yu61rAXRIg0dONmNvl4lYYyZSE=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GPQi8cI5gHJEmYnvdkhsw9meoNhyZ948aCIV//Em3/jJNmDJhY0FFXddHf5qRQaHefbWlvf2NzaLu2Ud/f2Dw7to+OWTjLFockTmaiOzzRIEUMTBUropApY5Eto+6O7md8eg9IiiR9xkoIXsWEsAsEZGqlv2z2EJ8x1xkOKIcNp3644VWcOukrcglRIgUbf/uoNEp5FECOXTOuu66To5Uyh4BKm5V6mIWV8xIbQNTRmEWgvn18+pedGGdAgUaZipHP190TOIq0nkW86I4ahXvZm4n9eN8PgxstFnGYIMV8sCjJJMaGzGOhAKOAoJ4YwroS5lfKQKcbRhFU2IbjLL6+SVq3qXlZrD1eV+m0RR4mckjNyQVxyTerknjRIk3AyJs/klbxZufVivVsfi9Y1q5g5IX9gff4ADF2T7A==</latexit>

P [X = 1] = P [X = �1] = 1/2.
<latexit sha1_base64="Bg8Yl4a6sl4g5jXcxbg5iA6T0gM=">AAACKHicbVDLSsNAFJ34rPVVdelmsAhujEkVdFMsunFZwT4gCWUynbRDJw9mboQS+jlu/BU3Iop065c4abuorQcuHM65l3vv8RPBFVjW2FhZXVvf2CxsFbd3dvf2SweHTRWnkrIGjUUs2z5RTPCINYCDYO1EMhL6grX8wX3ut56ZVDyOnmCYMC8kvYgHnBLQUqd064YE+r6f1UeuYAE47artSt7rg4ereNk8n3Pti4rZKZUt05oALxN7Rspohnqn9OF2Y5qGLAIqiFKObSXgZUQCp4KNim6qWELogPSYo2lEQqa8bPLoCJ9qpYuDWOqKAE/U+YmMhEoNQ1935perRS8X//OcFIIbL+NRkgKL6HRRkAoMMc5Tw10uGQUx1IRQyfWtmPaJJBR0tkUdgr348jJpVkz70qw8XpVrd7M4CugYnaAzZKNrVEMPqI4aiKIX9IY+0Zfxarwb38Z42rpizGaO0B8YP7/uHKUu</latexit>

Remark :

If U ⇠ B(1/2), then X , 2U � 1 is a Rademacher variable.
<latexit sha1_base64="hiQxJMqvD5bDFOA2KGkunp4b7uc="></latexit>

Definition : Rademacher complexity of a set

Let ⌦1, . . . ,⌦n be n independent Rademacher variables.
<latexit sha1_base64="eKDEWPuHQXk68iSeVVnKZTiUSsM="></latexit>

The Rademacher complexity of a set T ⇢ Rn, denoted Rad(T ), is defined as:
<latexit sha1_base64="8nzfS319ddC9jHFeUxdAqd3nloM="></latexit>

is defined as:
<latexit sha1_base64="YwrUWgjD8SpOdiYWN+n9DloQ12c=">AAACAHicbVC7SgNBFJ31GeMramFhMxgEq7AbBcUqaGMZwTwgWcLs7N1kyOyDmbtiWNL4KzYWitj6GXb+jZNkC008cOFwzr0z9x4vkUKjbX9bS8srq2vrhY3i5tb2zm5pb7+p41RxaPBYxqrtMQ1SRNBAgRLaiQIWehJa3vBm4rceQGkRR/c4SsANWT8SgeAMjdQrHXYRHpFmQlMfAvOIT5m+ouNeqWxX7CnoInFyUiY56r3SV9ePeRpChFwyrTuOnaCbMYWCSxgXu6mGhPEh60PH0IiFoN1sesCYnhjFp0GsTEVIp+rviYyFWo9Cz3SGDAd63puI/3mdFINLNxNRkiJEfPZRkEqKMZ2kQX2hgKMcGcK4EmZXygdMMY4ms6IJwZk/eZE0qxXnrFK9Oy/XrvM4CuSIHJNT4pALUiO3pE4ahJMxeSav5M16sl6sd+tj1rpk5TMH5A+szx/Ug5Xn</latexit>

Rad(T ) = E
"
sup
t2T

1

n

nX

i=1

⌦iti

#
.

<latexit sha1_base64="osKx96UzyqNs50VRLP6Zf/2icR4="></latexit>

Remarks :

The quantity Rad(T ) measures the complexity of T, as sup
t2T

1

n

nX

i=1

⌦iti
<latexit sha1_base64="AyFXU8fB6XRaptythPPZZXNEEe0="></latexit>

Rademacher variables and complexity of a set



Rademacher Complexity of a set

Definition : Rademacher random variables

A Rademacher random variable is a random variable X : ⌦ ! {�1, 1} such that
<latexit sha1_base64="gLxmC20mLOMUpuQufBKOoq1bzN8="></latexit>

such that
<latexit sha1_base64="9yu61rAXRIg0dONmNvl4lYYyZSE=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GPQi8cI5gHJEmYnvdkhsw9meoNhyZ948aCIV//Em3/jJNmDJhY0FFXddHf5qRQaHefbWlvf2NzaLu2Ud/f2Dw7to+OWTjLFockTmaiOzzRIEUMTBUropApY5Eto+6O7md8eg9IiiR9xkoIXsWEsAsEZGqlv2z2EJ8x1xkOKIcNp3644VWcOukrcglRIgUbf/uoNEp5FECOXTOuu66To5Uyh4BKm5V6mIWV8xIbQNTRmEWgvn18+pedGGdAgUaZipHP190TOIq0nkW86I4ahXvZm4n9eN8PgxstFnGYIMV8sCjJJMaGzGOhAKOAoJ4YwroS5lfKQKcbRhFU2IbjLL6+SVq3qXlZrD1eV+m0RR4mckjNyQVxyTerknjRIk3AyJs/klbxZufVivVsfi9Y1q5g5IX9gff4ADF2T7A==</latexit>

P [X = 1] = P [X = �1] = 1/2.
<latexit sha1_base64="Bg8Yl4a6sl4g5jXcxbg5iA6T0gM=">AAACKHicbVDLSsNAFJ34rPVVdelmsAhujEkVdFMsunFZwT4gCWUynbRDJw9mboQS+jlu/BU3Iop065c4abuorQcuHM65l3vv8RPBFVjW2FhZXVvf2CxsFbd3dvf2SweHTRWnkrIGjUUs2z5RTPCINYCDYO1EMhL6grX8wX3ut56ZVDyOnmCYMC8kvYgHnBLQUqd064YE+r6f1UeuYAE47artSt7rg4ereNk8n3Pti4rZKZUt05oALxN7Rspohnqn9OF2Y5qGLAIqiFKObSXgZUQCp4KNim6qWELogPSYo2lEQqa8bPLoCJ9qpYuDWOqKAE/U+YmMhEoNQ1935perRS8X//OcFIIbL+NRkgKL6HRRkAoMMc5Tw10uGQUx1IRQyfWtmPaJJBR0tkUdgr348jJpVkz70qw8XpVrd7M4CugYnaAzZKNrVEMPqI4aiKIX9IY+0Zfxarwb38Z42rpizGaO0B8YP7/uHKUu</latexit>

Remark :

If U ⇠ B(1/2), then X , 2U � 1 is a Rademacher variable.
<latexit sha1_base64="hiQxJMqvD5bDFOA2KGkunp4b7uc="></latexit>

Definition : Rademacher complexity of a set

Let ⌦1, . . . ,⌦n be n independent Rademacher variables.
<latexit sha1_base64="eKDEWPuHQXk68iSeVVnKZTiUSsM="></latexit>

The Rademacher complexity of a set T ⇢ Rn, denoted Rad(T ), is defined as:
<latexit sha1_base64="8nzfS319ddC9jHFeUxdAqd3nloM="></latexit>

is defined as:
<latexit sha1_base64="YwrUWgjD8SpOdiYWN+n9DloQ12c=">AAACAHicbVC7SgNBFJ31GeMramFhMxgEq7AbBcUqaGMZwTwgWcLs7N1kyOyDmbtiWNL4KzYWitj6GXb+jZNkC008cOFwzr0z9x4vkUKjbX9bS8srq2vrhY3i5tb2zm5pb7+p41RxaPBYxqrtMQ1SRNBAgRLaiQIWehJa3vBm4rceQGkRR/c4SsANWT8SgeAMjdQrHXYRHpFmQlMfAvOIT5m+ouNeqWxX7CnoInFyUiY56r3SV9ePeRpChFwyrTuOnaCbMYWCSxgXu6mGhPEh60PH0IiFoN1sesCYnhjFp0GsTEVIp+rviYyFWo9Cz3SGDAd63puI/3mdFINLNxNRkiJEfPZRkEqKMZ2kQX2hgKMcGcK4EmZXygdMMY4ms6IJwZk/eZE0qxXnrFK9Oy/XrvM4CuSIHJNT4pALUiO3pE4ahJMxeSav5M16sl6sd+tj1rpk5TMH5A+szx/Ug5Xn</latexit>

Rad(T ) = E
"
sup
t2T

1

n

nX

i=1

⌦iti

#
.

<latexit sha1_base64="osKx96UzyqNs50VRLP6Zf/2icR4="></latexit>

Remarks :

The quantity Rad(T ) measures the complexity of T, as sup
t2T

1

n

nX

i=1

⌦iti
<latexit sha1_base64="AyFXU8fB6XRaptythPPZZXNEEe0="></latexit>

a random signal (⌦1, . . . ,⌦n).
<latexit sha1_base64="wJrdKTqCETIvz9h84lLwttameOg=">AAACHnicbVDLShxBFK327cToaJZuCgfBQBi6faBLiZvsouCoMD0Mt6vvjIX1aKpui0MzX+Imv5JNFoYQyCr+jTWPha8Dl3s4516q7skKJT3F8WM0Mzs3v7C4tFz7sPJxda2+vnHhbekEtoRV1l1l4FFJgy2SpPCqcAg6U3iZ3ZyM/MtbdF5ac06DAjsa+kb2pAAKUrd+kBLeUQXcgcmt5l72DSg+5Dvpd4196CZfeKpySz70iWI+N7v1RtyMx+BvSTIlDTbFabf+L82tKDUaEgq8bydxQZ0KHEmhcFhLS48FiBvoYztQAxp9pxqfN+TbQcl5z7pQhvhYfb5RgfZ+oLMwqYGu/WtvJL7ntUvqHXUqaYqS0IjJQ71ScbJ8lBXPpUNBahAICCfDX7m4BgeCQqK1EELy+uS35GK3mew1d8/2G8dfp3EssU22xXZYwg7ZMfvGTlmLCXbPfrIH9jv6Ef2K/kR/J6Mz0XTnE3uB6P8TLd+hOg==</latexit>

describes how well elements in T can replicate the sign pattern of
<latexit sha1_base64="/iwNu0TNI7d0evfeOgNYsDANQgY="></latexit>

Rademacher variables and complexity of a set



Rademacher Complexity of a set

Definition : Rademacher random variables

A Rademacher random variable is a random variable X : ⌦ ! {�1, 1} such that
<latexit sha1_base64="gLxmC20mLOMUpuQufBKOoq1bzN8="></latexit>

such that
<latexit sha1_base64="9yu61rAXRIg0dONmNvl4lYYyZSE=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GPQi8cI5gHJEmYnvdkhsw9meoNhyZ948aCIV//Em3/jJNmDJhY0FFXddHf5qRQaHefbWlvf2NzaLu2Ud/f2Dw7to+OWTjLFockTmaiOzzRIEUMTBUropApY5Eto+6O7md8eg9IiiR9xkoIXsWEsAsEZGqlv2z2EJ8x1xkOKIcNp3644VWcOukrcglRIgUbf/uoNEp5FECOXTOuu66To5Uyh4BKm5V6mIWV8xIbQNTRmEWgvn18+pedGGdAgUaZipHP190TOIq0nkW86I4ahXvZm4n9eN8PgxstFnGYIMV8sCjJJMaGzGOhAKOAoJ4YwroS5lfKQKcbRhFU2IbjLL6+SVq3qXlZrD1eV+m0RR4mckjNyQVxyTerknjRIk3AyJs/klbxZufVivVsfi9Y1q5g5IX9gff4ADF2T7A==</latexit>

P [X = 1] = P [X = �1] = 1/2.
<latexit sha1_base64="Bg8Yl4a6sl4g5jXcxbg5iA6T0gM=">AAACKHicbVDLSsNAFJ34rPVVdelmsAhujEkVdFMsunFZwT4gCWUynbRDJw9mboQS+jlu/BU3Iop065c4abuorQcuHM65l3vv8RPBFVjW2FhZXVvf2CxsFbd3dvf2SweHTRWnkrIGjUUs2z5RTPCINYCDYO1EMhL6grX8wX3ut56ZVDyOnmCYMC8kvYgHnBLQUqd064YE+r6f1UeuYAE47artSt7rg4ereNk8n3Pti4rZKZUt05oALxN7Rspohnqn9OF2Y5qGLAIqiFKObSXgZUQCp4KNim6qWELogPSYo2lEQqa8bPLoCJ9qpYuDWOqKAE/U+YmMhEoNQ1935perRS8X//OcFIIbL+NRkgKL6HRRkAoMMc5Tw10uGQUx1IRQyfWtmPaJJBR0tkUdgr348jJpVkz70qw8XpVrd7M4CugYnaAzZKNrVEMPqI4aiKIX9IY+0Zfxarwb38Z42rpizGaO0B8YP7/uHKUu</latexit>

Remark :

If U ⇠ B(1/2), then X , 2U � 1 is a Rademacher variable.
<latexit sha1_base64="hiQxJMqvD5bDFOA2KGkunp4b7uc="></latexit>

Definition : Rademacher complexity of a set

Let ⌦1, . . . ,⌦n be n independent Rademacher variables.
<latexit sha1_base64="eKDEWPuHQXk68iSeVVnKZTiUSsM="></latexit>

The Rademacher complexity of a set T ⇢ Rn, denoted Rad(T ), is defined as:
<latexit sha1_base64="8nzfS319ddC9jHFeUxdAqd3nloM="></latexit>

is defined as:
<latexit sha1_base64="YwrUWgjD8SpOdiYWN+n9DloQ12c=">AAACAHicbVC7SgNBFJ31GeMramFhMxgEq7AbBcUqaGMZwTwgWcLs7N1kyOyDmbtiWNL4KzYWitj6GXb+jZNkC008cOFwzr0z9x4vkUKjbX9bS8srq2vrhY3i5tb2zm5pb7+p41RxaPBYxqrtMQ1SRNBAgRLaiQIWehJa3vBm4rceQGkRR/c4SsANWT8SgeAMjdQrHXYRHpFmQlMfAvOIT5m+ouNeqWxX7CnoInFyUiY56r3SV9ePeRpChFwyrTuOnaCbMYWCSxgXu6mGhPEh60PH0IiFoN1sesCYnhjFp0GsTEVIp+rviYyFWo9Cz3SGDAd63puI/3mdFINLNxNRkiJEfPZRkEqKMZ2kQX2hgKMcGcK4EmZXygdMMY4ms6IJwZk/eZE0qxXnrFK9Oy/XrvM4CuSIHJNT4pALUiO3pE4ahJMxeSav5M16sl6sd+tj1rpk5TMH5A+szx/Ug5Xn</latexit>

Rad(T ) = E
"
sup
t2T

1

n

nX

i=1

⌦iti

#
.

<latexit sha1_base64="osKx96UzyqNs50VRLP6Zf/2icR4="></latexit>

Remarks :

The quantity Rad(T ) measures the complexity of T, as sup
t2T

1

n

nX

i=1

⌦iti
<latexit sha1_base64="AyFXU8fB6XRaptythPPZZXNEEe0="></latexit>

a random signal (⌦1, . . . ,⌦n).
<latexit sha1_base64="wJrdKTqCETIvz9h84lLwttameOg=">AAACHnicbVDLShxBFK327cToaJZuCgfBQBi6faBLiZvsouCoMD0Mt6vvjIX1aKpui0MzX+Imv5JNFoYQyCr+jTWPha8Dl3s4516q7skKJT3F8WM0Mzs3v7C4tFz7sPJxda2+vnHhbekEtoRV1l1l4FFJgy2SpPCqcAg6U3iZ3ZyM/MtbdF5ac06DAjsa+kb2pAAKUrd+kBLeUQXcgcmt5l72DSg+5Dvpd4196CZfeKpySz70iWI+N7v1RtyMx+BvSTIlDTbFabf+L82tKDUaEgq8bydxQZ0KHEmhcFhLS48FiBvoYztQAxp9pxqfN+TbQcl5z7pQhvhYfb5RgfZ+oLMwqYGu/WtvJL7ntUvqHXUqaYqS0IjJQ71ScbJ8lBXPpUNBahAICCfDX7m4BgeCQqK1EELy+uS35GK3mew1d8/2G8dfp3EssU22xXZYwg7ZMfvGTlmLCXbPfrIH9jv6Ef2K/kR/J6Mz0XTnE3uB6P8TLd+hOg==</latexit>

describes how well elements in T can replicate the sign pattern of
<latexit sha1_base64="/iwNu0TNI7d0evfeOgNYsDANQgY="></latexit>

Rademacher variables and complexity of a set

First properties



Rademacher Complexity of a set

Definition : Rademacher random variables

A Rademacher random variable is a random variable X : ⌦ ! {�1, 1} such that
<latexit sha1_base64="gLxmC20mLOMUpuQufBKOoq1bzN8="></latexit>

such that
<latexit sha1_base64="9yu61rAXRIg0dONmNvl4lYYyZSE=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GPQi8cI5gHJEmYnvdkhsw9meoNhyZ948aCIV//Em3/jJNmDJhY0FFXddHf5qRQaHefbWlvf2NzaLu2Ud/f2Dw7to+OWTjLFockTmaiOzzRIEUMTBUropApY5Eto+6O7md8eg9IiiR9xkoIXsWEsAsEZGqlv2z2EJ8x1xkOKIcNp3644VWcOukrcglRIgUbf/uoNEp5FECOXTOuu66To5Uyh4BKm5V6mIWV8xIbQNTRmEWgvn18+pedGGdAgUaZipHP190TOIq0nkW86I4ahXvZm4n9eN8PgxstFnGYIMV8sCjJJMaGzGOhAKOAoJ4YwroS5lfKQKcbRhFU2IbjLL6+SVq3qXlZrD1eV+m0RR4mckjNyQVxyTerknjRIk3AyJs/klbxZufVivVsfi9Y1q5g5IX9gff4ADF2T7A==</latexit>

P [X = 1] = P [X = �1] = 1/2.
<latexit sha1_base64="Bg8Yl4a6sl4g5jXcxbg5iA6T0gM=">AAACKHicbVDLSsNAFJ34rPVVdelmsAhujEkVdFMsunFZwT4gCWUynbRDJw9mboQS+jlu/BU3Iop065c4abuorQcuHM65l3vv8RPBFVjW2FhZXVvf2CxsFbd3dvf2SweHTRWnkrIGjUUs2z5RTPCINYCDYO1EMhL6grX8wX3ut56ZVDyOnmCYMC8kvYgHnBLQUqd064YE+r6f1UeuYAE47artSt7rg4ereNk8n3Pti4rZKZUt05oALxN7Rspohnqn9OF2Y5qGLAIqiFKObSXgZUQCp4KNim6qWELogPSYo2lEQqa8bPLoCJ9qpYuDWOqKAE/U+YmMhEoNQ1935perRS8X//OcFIIbL+NRkgKL6HRRkAoMMc5Tw10uGQUx1IRQyfWtmPaJJBR0tkUdgr348jJpVkz70qw8XpVrd7M4CugYnaAzZKNrVEMPqI4aiKIX9IY+0Zfxarwb38Z42rpizGaO0B8YP7/uHKUu</latexit>

Remark :

If U ⇠ B(1/2), then X , 2U � 1 is a Rademacher variable.
<latexit sha1_base64="hiQxJMqvD5bDFOA2KGkunp4b7uc="></latexit>

Definition : Rademacher complexity of a set

Let ⌦1, . . . ,⌦n be n independent Rademacher variables.
<latexit sha1_base64="eKDEWPuHQXk68iSeVVnKZTiUSsM="></latexit>

The Rademacher complexity of a set T ⇢ Rn, denoted Rad(T ), is defined as:
<latexit sha1_base64="8nzfS319ddC9jHFeUxdAqd3nloM="></latexit>

is defined as:
<latexit sha1_base64="YwrUWgjD8SpOdiYWN+n9DloQ12c=">AAACAHicbVC7SgNBFJ31GeMramFhMxgEq7AbBcUqaGMZwTwgWcLs7N1kyOyDmbtiWNL4KzYWitj6GXb+jZNkC008cOFwzr0z9x4vkUKjbX9bS8srq2vrhY3i5tb2zm5pb7+p41RxaPBYxqrtMQ1SRNBAgRLaiQIWehJa3vBm4rceQGkRR/c4SsANWT8SgeAMjdQrHXYRHpFmQlMfAvOIT5m+ouNeqWxX7CnoInFyUiY56r3SV9ePeRpChFwyrTuOnaCbMYWCSxgXu6mGhPEh60PH0IiFoN1sesCYnhjFp0GsTEVIp+rviYyFWo9Cz3SGDAd63puI/3mdFINLNxNRkiJEfPZRkEqKMZ2kQX2hgKMcGcK4EmZXygdMMY4ms6IJwZk/eZE0qxXnrFK9Oy/XrvM4CuSIHJNT4pALUiO3pE4ahJMxeSav5M16sl6sd+tj1rpk5TMH5A+szx/Ug5Xn</latexit>

Rad(T ) = E
"
sup
t2T

1

n

nX

i=1

⌦iti

#
.

<latexit sha1_base64="osKx96UzyqNs50VRLP6Zf/2icR4="></latexit>

Remarks :

The quantity Rad(T ) measures the complexity of T, as sup
t2T

1

n

nX

i=1

⌦iti
<latexit sha1_base64="AyFXU8fB6XRaptythPPZZXNEEe0="></latexit>

a random signal (⌦1, . . . ,⌦n).
<latexit sha1_base64="wJrdKTqCETIvz9h84lLwttameOg=">AAACHnicbVDLShxBFK327cToaJZuCgfBQBi6faBLiZvsouCoMD0Mt6vvjIX1aKpui0MzX+Imv5JNFoYQyCr+jTWPha8Dl3s4516q7skKJT3F8WM0Mzs3v7C4tFz7sPJxda2+vnHhbekEtoRV1l1l4FFJgy2SpPCqcAg6U3iZ3ZyM/MtbdF5ac06DAjsa+kb2pAAKUrd+kBLeUQXcgcmt5l72DSg+5Dvpd4196CZfeKpySz70iWI+N7v1RtyMx+BvSTIlDTbFabf+L82tKDUaEgq8bydxQZ0KHEmhcFhLS48FiBvoYztQAxp9pxqfN+TbQcl5z7pQhvhYfb5RgfZ+oLMwqYGu/WtvJL7ntUvqHXUqaYqS0IjJQ71ScbJ8lBXPpUNBahAICCfDX7m4BgeCQqK1EELy+uS35GK3mew1d8/2G8dfp3EssU22xXZYwg7ZMfvGTlmLCXbPfrIH9jv6Ef2K/kR/J6Mz0XTnE3uB6P8TLd+hOg==</latexit>

describes how well elements in T can replicate the sign pattern of
<latexit sha1_base64="/iwNu0TNI7d0evfeOgNYsDANQgY="></latexit>

Rademacher variables and complexity of a set

First properties
Proposition : Homotetie and translation

Let T ⇢ Rn, v 2 Rn, c 2 R, and define cT + v = {ct+ v, t 2 T}.
<latexit sha1_base64="+c148VBWZ7zitlqXFPtbeMFE6cc="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad(cT + v) = |c|Rad(T ).
<latexit sha1_base64="KaEi0pr3UgyvhivqwG56noopvFQ=">AAACHXicbVDLSsNAFJ34rPUVdelmsAgtQklqQTdC0Y3LKn1BG8pkMmmHTjJhZlIoaX/Ejb/ixoUiLtyIf+O0zULbHrhwOOde7r3HjRiVyrJ+jLX1jc2t7cxOdndv/+DQPDpuSB4LTOqYMy5aLpKE0ZDUFVWMtCJBUOAy0nQHd1O/OSRCUh7W1CgiToB6IfUpRkpLXbPc4RERSHERooAkj8ib5DGsXQwLN2M8hivcWqHYNXNW0ZoBLhM7JTmQoto1vzoex3FAQoUZkrJtW5FyEiQUxYxMsp1YkgjhAeqRtqbTZdJJZt9N4LlWPOhzoStUcKb+nUhQIOUocHVngFRfLnpTcZXXjpV/7SQ0jGJFQjxf5McMKg6nUUGPCoIVG2mCsKD6Voj7SCCsdKBZHYK9+PIyaZSK9mWx9FDOVW7TODLgFJyBPLDBFaiAe1AFdYDBE3gBb+DdeDZejQ/jc966ZqQzJ+AfjO9fQWOh+w==</latexit>



Rademacher Complexity of a set

Definition : Rademacher random variables

A Rademacher random variable is a random variable X : ⌦ ! {�1, 1} such that
<latexit sha1_base64="gLxmC20mLOMUpuQufBKOoq1bzN8="></latexit>

such that
<latexit sha1_base64="9yu61rAXRIg0dONmNvl4lYYyZSE=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GPQi8cI5gHJEmYnvdkhsw9meoNhyZ948aCIV//Em3/jJNmDJhY0FFXddHf5qRQaHefbWlvf2NzaLu2Ud/f2Dw7to+OWTjLFockTmaiOzzRIEUMTBUropApY5Eto+6O7md8eg9IiiR9xkoIXsWEsAsEZGqlv2z2EJ8x1xkOKIcNp3644VWcOukrcglRIgUbf/uoNEp5FECOXTOuu66To5Uyh4BKm5V6mIWV8xIbQNTRmEWgvn18+pedGGdAgUaZipHP190TOIq0nkW86I4ahXvZm4n9eN8PgxstFnGYIMV8sCjJJMaGzGOhAKOAoJ4YwroS5lfKQKcbRhFU2IbjLL6+SVq3qXlZrD1eV+m0RR4mckjNyQVxyTerknjRIk3AyJs/klbxZufVivVsfi9Y1q5g5IX9gff4ADF2T7A==</latexit>

P [X = 1] = P [X = �1] = 1/2.
<latexit sha1_base64="Bg8Yl4a6sl4g5jXcxbg5iA6T0gM=">AAACKHicbVDLSsNAFJ34rPVVdelmsAhujEkVdFMsunFZwT4gCWUynbRDJw9mboQS+jlu/BU3Iop065c4abuorQcuHM65l3vv8RPBFVjW2FhZXVvf2CxsFbd3dvf2SweHTRWnkrIGjUUs2z5RTPCINYCDYO1EMhL6grX8wX3ut56ZVDyOnmCYMC8kvYgHnBLQUqd064YE+r6f1UeuYAE47artSt7rg4ereNk8n3Pti4rZKZUt05oALxN7Rspohnqn9OF2Y5qGLAIqiFKObSXgZUQCp4KNim6qWELogPSYo2lEQqa8bPLoCJ9qpYuDWOqKAE/U+YmMhEoNQ1935perRS8X//OcFIIbL+NRkgKL6HRRkAoMMc5Tw10uGQUx1IRQyfWtmPaJJBR0tkUdgr348jJpVkz70qw8XpVrd7M4CugYnaAzZKNrVEMPqI4aiKIX9IY+0Zfxarwb38Z42rpizGaO0B8YP7/uHKUu</latexit>

Remark :

If U ⇠ B(1/2), then X , 2U � 1 is a Rademacher variable.
<latexit sha1_base64="hiQxJMqvD5bDFOA2KGkunp4b7uc="></latexit>

Definition : Rademacher complexity of a set

Let ⌦1, . . . ,⌦n be n independent Rademacher variables.
<latexit sha1_base64="eKDEWPuHQXk68iSeVVnKZTiUSsM="></latexit>

The Rademacher complexity of a set T ⇢ Rn, denoted Rad(T ), is defined as:
<latexit sha1_base64="8nzfS319ddC9jHFeUxdAqd3nloM="></latexit>

is defined as:
<latexit sha1_base64="YwrUWgjD8SpOdiYWN+n9DloQ12c=">AAACAHicbVC7SgNBFJ31GeMramFhMxgEq7AbBcUqaGMZwTwgWcLs7N1kyOyDmbtiWNL4KzYWitj6GXb+jZNkC008cOFwzr0z9x4vkUKjbX9bS8srq2vrhY3i5tb2zm5pb7+p41RxaPBYxqrtMQ1SRNBAgRLaiQIWehJa3vBm4rceQGkRR/c4SsANWT8SgeAMjdQrHXYRHpFmQlMfAvOIT5m+ouNeqWxX7CnoInFyUiY56r3SV9ePeRpChFwyrTuOnaCbMYWCSxgXu6mGhPEh60PH0IiFoN1sesCYnhjFp0GsTEVIp+rviYyFWo9Cz3SGDAd63puI/3mdFINLNxNRkiJEfPZRkEqKMZ2kQX2hgKMcGcK4EmZXygdMMY4ms6IJwZk/eZE0qxXnrFK9Oy/XrvM4CuSIHJNT4pALUiO3pE4ahJMxeSav5M16sl6sd+tj1rpk5TMH5A+szx/Ug5Xn</latexit>

Rad(T ) = E
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<latexit sha1_base64="osKx96UzyqNs50VRLP6Zf/2icR4="></latexit>

Remarks :

The quantity Rad(T ) measures the complexity of T, as sup
t2T

1

n

nX

i=1

⌦iti
<latexit sha1_base64="AyFXU8fB6XRaptythPPZZXNEEe0="></latexit>

a random signal (⌦1, . . . ,⌦n).
<latexit sha1_base64="wJrdKTqCETIvz9h84lLwttameOg=">AAACHnicbVDLShxBFK327cToaJZuCgfBQBi6faBLiZvsouCoMD0Mt6vvjIX1aKpui0MzX+Imv5JNFoYQyCr+jTWPha8Dl3s4516q7skKJT3F8WM0Mzs3v7C4tFz7sPJxda2+vnHhbekEtoRV1l1l4FFJgy2SpPCqcAg6U3iZ3ZyM/MtbdF5ac06DAjsa+kb2pAAKUrd+kBLeUQXcgcmt5l72DSg+5Dvpd4196CZfeKpySz70iWI+N7v1RtyMx+BvSTIlDTbFabf+L82tKDUaEgq8bydxQZ0KHEmhcFhLS48FiBvoYztQAxp9pxqfN+TbQcl5z7pQhvhYfb5RgfZ+oLMwqYGu/WtvJL7ntUvqHXUqaYqS0IjJQ71ScbJ8lBXPpUNBahAICCfDX7m4BgeCQqK1EELy+uS35GK3mew1d8/2G8dfp3EssU22xXZYwg7ZMfvGTlmLCXbPfrIH9jv6Ef2K/kR/J6Mz0XTnE3uB6P8TLd+hOg==</latexit>

describes how well elements in T can replicate the sign pattern of
<latexit sha1_base64="/iwNu0TNI7d0evfeOgNYsDANQgY="></latexit>

Rademacher variables and complexity of a set

First properties
Proposition : Homotetie and translation

Let T ⇢ Rn, v 2 Rn, c 2 R, and define cT + v = {ct+ v, t 2 T}.
<latexit sha1_base64="+c148VBWZ7zitlqXFPtbeMFE6cc="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad(cT + v) = |c|Rad(T ).
<latexit sha1_base64="KaEi0pr3UgyvhivqwG56noopvFQ=">AAACHXicbVDLSsNAFJ34rPUVdelmsAgtQklqQTdC0Y3LKn1BG8pkMmmHTjJhZlIoaX/Ejb/ixoUiLtyIf+O0zULbHrhwOOde7r3HjRiVyrJ+jLX1jc2t7cxOdndv/+DQPDpuSB4LTOqYMy5aLpKE0ZDUFVWMtCJBUOAy0nQHd1O/OSRCUh7W1CgiToB6IfUpRkpLXbPc4RERSHERooAkj8ib5DGsXQwLN2M8hivcWqHYNXNW0ZoBLhM7JTmQoto1vzoex3FAQoUZkrJtW5FyEiQUxYxMsp1YkgjhAeqRtqbTZdJJZt9N4LlWPOhzoStUcKb+nUhQIOUocHVngFRfLnpTcZXXjpV/7SQ0jGJFQjxf5McMKg6nUUGPCoIVG2mCsKD6Voj7SCCsdKBZHYK9+PIyaZSK9mWx9FDOVW7TODLgFJyBPLDBFaiAe1AFdYDBE3gBb+DdeDZejQ/jc966ZqQzJ+AfjO9fQWOh+w==</latexit>

Proof : on the black board.



Rademacher Complexity of a set

Definition : Rademacher random variables

A Rademacher random variable is a random variable X : ⌦ ! {�1, 1} such that
<latexit sha1_base64="gLxmC20mLOMUpuQufBKOoq1bzN8="></latexit>

such that
<latexit sha1_base64="9yu61rAXRIg0dONmNvl4lYYyZSE=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GPQi8cI5gHJEmYnvdkhsw9meoNhyZ948aCIV//Em3/jJNmDJhY0FFXddHf5qRQaHefbWlvf2NzaLu2Ud/f2Dw7to+OWTjLFockTmaiOzzRIEUMTBUropApY5Eto+6O7md8eg9IiiR9xkoIXsWEsAsEZGqlv2z2EJ8x1xkOKIcNp3644VWcOukrcglRIgUbf/uoNEp5FECOXTOuu66To5Uyh4BKm5V6mIWV8xIbQNTRmEWgvn18+pedGGdAgUaZipHP190TOIq0nkW86I4ahXvZm4n9eN8PgxstFnGYIMV8sCjJJMaGzGOhAKOAoJ4YwroS5lfKQKcbRhFU2IbjLL6+SVq3qXlZrD1eV+m0RR4mckjNyQVxyTerknjRIk3AyJs/klbxZufVivVsfi9Y1q5g5IX9gff4ADF2T7A==</latexit>

P [X = 1] = P [X = �1] = 1/2.
<latexit sha1_base64="Bg8Yl4a6sl4g5jXcxbg5iA6T0gM=">AAACKHicbVDLSsNAFJ34rPVVdelmsAhujEkVdFMsunFZwT4gCWUynbRDJw9mboQS+jlu/BU3Iop065c4abuorQcuHM65l3vv8RPBFVjW2FhZXVvf2CxsFbd3dvf2SweHTRWnkrIGjUUs2z5RTPCINYCDYO1EMhL6grX8wX3ut56ZVDyOnmCYMC8kvYgHnBLQUqd064YE+r6f1UeuYAE47artSt7rg4ereNk8n3Pti4rZKZUt05oALxN7Rspohnqn9OF2Y5qGLAIqiFKObSXgZUQCp4KNim6qWELogPSYo2lEQqa8bPLoCJ9qpYuDWOqKAE/U+YmMhEoNQ1935perRS8X//OcFIIbL+NRkgKL6HRRkAoMMc5Tw10uGQUx1IRQyfWtmPaJJBR0tkUdgr348jJpVkz70qw8XpVrd7M4CugYnaAzZKNrVEMPqI4aiKIX9IY+0Zfxarwb38Z42rpizGaO0B8YP7/uHKUu</latexit>

Remark :

If U ⇠ B(1/2), then X , 2U � 1 is a Rademacher variable.
<latexit sha1_base64="hiQxJMqvD5bDFOA2KGkunp4b7uc="></latexit>

Definition : Rademacher complexity of a set

Let ⌦1, . . . ,⌦n be n independent Rademacher variables.
<latexit sha1_base64="eKDEWPuHQXk68iSeVVnKZTiUSsM="></latexit>

The Rademacher complexity of a set T ⇢ Rn, denoted Rad(T ), is defined as:
<latexit sha1_base64="8nzfS319ddC9jHFeUxdAqd3nloM="></latexit>

is defined as:
<latexit sha1_base64="YwrUWgjD8SpOdiYWN+n9DloQ12c=">AAACAHicbVC7SgNBFJ31GeMramFhMxgEq7AbBcUqaGMZwTwgWcLs7N1kyOyDmbtiWNL4KzYWitj6GXb+jZNkC008cOFwzr0z9x4vkUKjbX9bS8srq2vrhY3i5tb2zm5pb7+p41RxaPBYxqrtMQ1SRNBAgRLaiQIWehJa3vBm4rceQGkRR/c4SsANWT8SgeAMjdQrHXYRHpFmQlMfAvOIT5m+ouNeqWxX7CnoInFyUiY56r3SV9ePeRpChFwyrTuOnaCbMYWCSxgXu6mGhPEh60PH0IiFoN1sesCYnhjFp0GsTEVIp+rviYyFWo9Cz3SGDAd63puI/3mdFINLNxNRkiJEfPZRkEqKMZ2kQX2hgKMcGcK4EmZXygdMMY4ms6IJwZk/eZE0qxXnrFK9Oy/XrvM4CuSIHJNT4pALUiO3pE4ahJMxeSav5M16sl6sd+tj1rpk5TMH5A+szx/Ug5Xn</latexit>

Rad(T ) = E
"
sup
t2T

1

n

nX

i=1

⌦iti

#
.

<latexit sha1_base64="osKx96UzyqNs50VRLP6Zf/2icR4="></latexit>

Remarks :

The quantity Rad(T ) measures the complexity of T, as sup
t2T

1

n

nX

i=1

⌦iti
<latexit sha1_base64="AyFXU8fB6XRaptythPPZZXNEEe0="></latexit>

a random signal (⌦1, . . . ,⌦n).
<latexit sha1_base64="wJrdKTqCETIvz9h84lLwttameOg=">AAACHnicbVDLShxBFK327cToaJZuCgfBQBi6faBLiZvsouCoMD0Mt6vvjIX1aKpui0MzX+Imv5JNFoYQyCr+jTWPha8Dl3s4516q7skKJT3F8WM0Mzs3v7C4tFz7sPJxda2+vnHhbekEtoRV1l1l4FFJgy2SpPCqcAg6U3iZ3ZyM/MtbdF5ac06DAjsa+kb2pAAKUrd+kBLeUQXcgcmt5l72DSg+5Dvpd4196CZfeKpySz70iWI+N7v1RtyMx+BvSTIlDTbFabf+L82tKDUaEgq8bydxQZ0KHEmhcFhLS48FiBvoYztQAxp9pxqfN+TbQcl5z7pQhvhYfb5RgfZ+oLMwqYGu/WtvJL7ntUvqHXUqaYqS0IjJQ71ScbJ8lBXPpUNBahAICCfDX7m4BgeCQqK1EELy+uS35GK3mew1d8/2G8dfp3EssU22xXZYwg7ZMfvGTlmLCXbPfrIH9jv6Ef2K/kR/J6Mz0XTnE3uB6P8TLd+hOg==</latexit>

describes how well elements in T can replicate the sign pattern of
<latexit sha1_base64="/iwNu0TNI7d0evfeOgNYsDANQgY="></latexit>

Rademacher variables and complexity of a set

First properties
Proposition : Homotetie and translation

Let T ⇢ Rn, v 2 Rn, c 2 R, and define cT + v = {ct+ v, t 2 T}.
<latexit sha1_base64="+c148VBWZ7zitlqXFPtbeMFE6cc="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad(cT + v) = |c|Rad(T ).
<latexit sha1_base64="KaEi0pr3UgyvhivqwG56noopvFQ=">AAACHXicbVDLSsNAFJ34rPUVdelmsAgtQklqQTdC0Y3LKn1BG8pkMmmHTjJhZlIoaX/Ejb/ixoUiLtyIf+O0zULbHrhwOOde7r3HjRiVyrJ+jLX1jc2t7cxOdndv/+DQPDpuSB4LTOqYMy5aLpKE0ZDUFVWMtCJBUOAy0nQHd1O/OSRCUh7W1CgiToB6IfUpRkpLXbPc4RERSHERooAkj8ib5DGsXQwLN2M8hivcWqHYNXNW0ZoBLhM7JTmQoto1vzoex3FAQoUZkrJtW5FyEiQUxYxMsp1YkgjhAeqRtqbTZdJJZt9N4LlWPOhzoStUcKb+nUhQIOUocHVngFRfLnpTcZXXjpV/7SQ0jGJFQjxf5McMKg6nUUGPCoIVG2mCsKD6Voj7SCCsdKBZHYK9+PIyaZSK9mWx9FDOVW7TODLgFJyBPLDBFaiAe1AFdYDBE3gBb+DdeDZejQ/jc966ZqQzJ+AfjO9fQWOh+w==</latexit>

Proof : on the black board.

Proposition : Minkowski sum

For any sets T, T 0 ⇢ Rd, we have
<latexit sha1_base64="CNiCWmsHLc+iqSREHb1uLYcCyLc="></latexit>

Rad (T + T 0) = Rad(T ) + Rad (T 0) .
<latexit sha1_base64="zn29wVdBPibiELLRk4x0CuC+na4=">AAACVXicdVFNSwMxEM2uVWv9qnr0sliElkLZrYJeBNGLR5V+QbeWbDrbhmY3SzIrlKV/shfxn3gRTGsP2upA4PHem8nkJUgE1+i675a9kdvc2s7vFHb39g8Oi0fHLS1TxaDJpJCqE1ANgsfQRI4COokCGgUC2sH4fq63X0FpLuMGThLoRXQY85AziobqF4UvE1AUpYppBNkzHUx9ASGWG9XGS+Ynikcw9RUfjrBys+4tNyrVfyes9tf6xZJbcxflrANvCUpkWY/94swfSJZGECMTVOuu5ybYy6hCzgRMC36qIaFsTIfQNXC+gO5li1SmzrlhBk4olTkxOgv2Z0dGI60nUWCcEcWRXtXm5F9aN8XwupfxOEkRYvZ9UZgKB6Uzj9gZcAUMxcQAyhQ3uzpsRBVlaD6iYELwVp+8Dlr1mndRqz9dlm7vlnHkySk5I2XikStySx7II2kSRmbkw7Is23qzPu2cvfVtta1lzwn5VfbhF1Bqtfg=</latexit>

where T + T 0 = {t+ t0, t 2 T, t0 2 T 0}.
<latexit sha1_base64="ud31GI98glDnNWvrcxGUTbdfzSA="></latexit>



Rademacher Complexity of a set

Definition : Rademacher random variables

A Rademacher random variable is a random variable X : ⌦ ! {�1, 1} such that
<latexit sha1_base64="gLxmC20mLOMUpuQufBKOoq1bzN8="></latexit>

such that
<latexit sha1_base64="9yu61rAXRIg0dONmNvl4lYYyZSE=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GPQi8cI5gHJEmYnvdkhsw9meoNhyZ948aCIV//Em3/jJNmDJhY0FFXddHf5qRQaHefbWlvf2NzaLu2Ud/f2Dw7to+OWTjLFockTmaiOzzRIEUMTBUropApY5Eto+6O7md8eg9IiiR9xkoIXsWEsAsEZGqlv2z2EJ8x1xkOKIcNp3644VWcOukrcglRIgUbf/uoNEp5FECOXTOuu66To5Uyh4BKm5V6mIWV8xIbQNTRmEWgvn18+pedGGdAgUaZipHP190TOIq0nkW86I4ahXvZm4n9eN8PgxstFnGYIMV8sCjJJMaGzGOhAKOAoJ4YwroS5lfKQKcbRhFU2IbjLL6+SVq3qXlZrD1eV+m0RR4mckjNyQVxyTerknjRIk3AyJs/klbxZufVivVsfi9Y1q5g5IX9gff4ADF2T7A==</latexit>

P [X = 1] = P [X = �1] = 1/2.
<latexit sha1_base64="Bg8Yl4a6sl4g5jXcxbg5iA6T0gM=">AAACKHicbVDLSsNAFJ34rPVVdelmsAhujEkVdFMsunFZwT4gCWUynbRDJw9mboQS+jlu/BU3Iop065c4abuorQcuHM65l3vv8RPBFVjW2FhZXVvf2CxsFbd3dvf2SweHTRWnkrIGjUUs2z5RTPCINYCDYO1EMhL6grX8wX3ut56ZVDyOnmCYMC8kvYgHnBLQUqd064YE+r6f1UeuYAE47artSt7rg4ereNk8n3Pti4rZKZUt05oALxN7Rspohnqn9OF2Y5qGLAIqiFKObSXgZUQCp4KNim6qWELogPSYo2lEQqa8bPLoCJ9qpYuDWOqKAE/U+YmMhEoNQ1935perRS8X//OcFIIbL+NRkgKL6HRRkAoMMc5Tw10uGQUx1IRQyfWtmPaJJBR0tkUdgr348jJpVkz70qw8XpVrd7M4CugYnaAzZKNrVEMPqI4aiKIX9IY+0Zfxarwb38Z42rpizGaO0B8YP7/uHKUu</latexit>

Remark :

If U ⇠ B(1/2), then X , 2U � 1 is a Rademacher variable.
<latexit sha1_base64="hiQxJMqvD5bDFOA2KGkunp4b7uc="></latexit>

Definition : Rademacher complexity of a set

Let ⌦1, . . . ,⌦n be n independent Rademacher variables.
<latexit sha1_base64="eKDEWPuHQXk68iSeVVnKZTiUSsM="></latexit>

The Rademacher complexity of a set T ⇢ Rn, denoted Rad(T ), is defined as:
<latexit sha1_base64="8nzfS319ddC9jHFeUxdAqd3nloM="></latexit>

is defined as:
<latexit sha1_base64="YwrUWgjD8SpOdiYWN+n9DloQ12c=">AAACAHicbVC7SgNBFJ31GeMramFhMxgEq7AbBcUqaGMZwTwgWcLs7N1kyOyDmbtiWNL4KzYWitj6GXb+jZNkC008cOFwzr0z9x4vkUKjbX9bS8srq2vrhY3i5tb2zm5pb7+p41RxaPBYxqrtMQ1SRNBAgRLaiQIWehJa3vBm4rceQGkRR/c4SsANWT8SgeAMjdQrHXYRHpFmQlMfAvOIT5m+ouNeqWxX7CnoInFyUiY56r3SV9ePeRpChFwyrTuOnaCbMYWCSxgXu6mGhPEh60PH0IiFoN1sesCYnhjFp0GsTEVIp+rviYyFWo9Cz3SGDAd63puI/3mdFINLNxNRkiJEfPZRkEqKMZ2kQX2hgKMcGcK4EmZXygdMMY4ms6IJwZk/eZE0qxXnrFK9Oy/XrvM4CuSIHJNT4pALUiO3pE4ahJMxeSav5M16sl6sd+tj1rpk5TMH5A+szx/Ug5Xn</latexit>

Rad(T ) = E
"
sup
t2T

1

n

nX

i=1

⌦iti

#
.

<latexit sha1_base64="osKx96UzyqNs50VRLP6Zf/2icR4="></latexit>

Remarks :

The quantity Rad(T ) measures the complexity of T, as sup
t2T

1

n

nX

i=1

⌦iti
<latexit sha1_base64="AyFXU8fB6XRaptythPPZZXNEEe0="></latexit>

a random signal (⌦1, . . . ,⌦n).
<latexit sha1_base64="wJrdKTqCETIvz9h84lLwttameOg=">AAACHnicbVDLShxBFK327cToaJZuCgfBQBi6faBLiZvsouCoMD0Mt6vvjIX1aKpui0MzX+Imv5JNFoYQyCr+jTWPha8Dl3s4516q7skKJT3F8WM0Mzs3v7C4tFz7sPJxda2+vnHhbekEtoRV1l1l4FFJgy2SpPCqcAg6U3iZ3ZyM/MtbdF5ac06DAjsa+kb2pAAKUrd+kBLeUQXcgcmt5l72DSg+5Dvpd4196CZfeKpySz70iWI+N7v1RtyMx+BvSTIlDTbFabf+L82tKDUaEgq8bydxQZ0KHEmhcFhLS48FiBvoYztQAxp9pxqfN+TbQcl5z7pQhvhYfb5RgfZ+oLMwqYGu/WtvJL7ntUvqHXUqaYqS0IjJQ71ScbJ8lBXPpUNBahAICCfDX7m4BgeCQqK1EELy+uS35GK3mew1d8/2G8dfp3EssU22xXZYwg7ZMfvGTlmLCXbPfrIH9jv6Ef2K/kR/J6Mz0XTnE3uB6P8TLd+hOg==</latexit>

describes how well elements in T can replicate the sign pattern of
<latexit sha1_base64="/iwNu0TNI7d0evfeOgNYsDANQgY="></latexit>

Rademacher variables and complexity of a set

First properties
Proposition : Homotetie and translation

Let T ⇢ Rn, v 2 Rn, c 2 R, and define cT + v = {ct+ v, t 2 T}.
<latexit sha1_base64="+c148VBWZ7zitlqXFPtbeMFE6cc="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad(cT + v) = |c|Rad(T ).
<latexit sha1_base64="KaEi0pr3UgyvhivqwG56noopvFQ=">AAACHXicbVDLSsNAFJ34rPUVdelmsAgtQklqQTdC0Y3LKn1BG8pkMmmHTjJhZlIoaX/Ejb/ixoUiLtyIf+O0zULbHrhwOOde7r3HjRiVyrJ+jLX1jc2t7cxOdndv/+DQPDpuSB4LTOqYMy5aLpKE0ZDUFVWMtCJBUOAy0nQHd1O/OSRCUh7W1CgiToB6IfUpRkpLXbPc4RERSHERooAkj8ib5DGsXQwLN2M8hivcWqHYNXNW0ZoBLhM7JTmQoto1vzoex3FAQoUZkrJtW5FyEiQUxYxMsp1YkgjhAeqRtqbTZdJJZt9N4LlWPOhzoStUcKb+nUhQIOUocHVngFRfLnpTcZXXjpV/7SQ0jGJFQjxf5McMKg6nUUGPCoIVG2mCsKD6Voj7SCCsdKBZHYK9+PIyaZSK9mWx9FDOVW7TODLgFJyBPLDBFaiAe1AFdYDBE3gBb+DdeDZejQ/jc966ZqQzJ+AfjO9fQWOh+w==</latexit>

Proof : on the black board.

Proposition : Minkowski sum

For any sets T, T 0 ⇢ Rd, we have
<latexit sha1_base64="CNiCWmsHLc+iqSREHb1uLYcCyLc="></latexit>

Rad (T + T 0) = Rad(T ) + Rad (T 0) .
<latexit sha1_base64="zn29wVdBPibiELLRk4x0CuC+na4=">AAACVXicdVFNSwMxEM2uVWv9qnr0sliElkLZrYJeBNGLR5V+QbeWbDrbhmY3SzIrlKV/shfxn3gRTGsP2upA4PHem8nkJUgE1+i675a9kdvc2s7vFHb39g8Oi0fHLS1TxaDJpJCqE1ANgsfQRI4COokCGgUC2sH4fq63X0FpLuMGThLoRXQY85AziobqF4UvE1AUpYppBNkzHUx9ASGWG9XGS+Ynikcw9RUfjrBys+4tNyrVfyes9tf6xZJbcxflrANvCUpkWY/94swfSJZGECMTVOuu5ybYy6hCzgRMC36qIaFsTIfQNXC+gO5li1SmzrlhBk4olTkxOgv2Z0dGI60nUWCcEcWRXtXm5F9aN8XwupfxOEkRYvZ9UZgKB6Uzj9gZcAUMxcQAyhQ3uzpsRBVlaD6iYELwVp+8Dlr1mndRqz9dlm7vlnHkySk5I2XikStySx7II2kSRmbkw7Is23qzPu2cvfVtta1lzwn5VfbhF1Bqtfg=</latexit>

where T + T 0 = {t+ t0, t 2 T, t0 2 T 0}.
<latexit sha1_base64="ud31GI98glDnNWvrcxGUTbdfzSA="></latexit>

Proof : on the black board.



More properties

Proposition : Convex hull

Let T ⇢ Rn, v 2 Rn, c 2 R, and define cT + v = {ct+ v, t 2 T}.
<latexit sha1_base64="+c148VBWZ7zitlqXFPtbeMFE6cc="></latexit>

Then,
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Proof : on the black board.
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Proposition : Massart’s Lemma - Complexity for finite Sets

Then,
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Proof : on the black board.
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Proof : on the black board.

Proposition : Massart’s Lemma - Complexity for finite Sets

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Let T ⇢ Rn be finite.
<latexit sha1_base64="RtmyIEjy5l8NuU7S/exSzX8APAg=">AAACHnicbVDLSgMxFM34tr6qLt0Ei+CqzFRFl0U3LlyoWBU6tSTpHQ3NZIbkjliG+RI3/oobF4oIrvRvTB8LXwcCh3POJfcenipp0fc/vbHxicmp6ZnZ0tz8wuJSeXnl3CaZEdAQiUrMJWcWlNTQQIkKLlMDLOYKLnj3oO9f3IKxMtFn2EuhFbNrLSMpGDqpXd4JEe4wPwKkBT2joc24dTyMGd5wnp8WV5oOI5QDjaSWCNWiXa74VX8A+pcEI1IhIxy3y+9hJxFZDBqFYtY2Az/FVs4MSqGgKIWZhZSJLruGpqOaxWBb+eC8gm44pUOjxLinkQ7U7xM5i63txdwl+2vb315f/M9rZhjttXKp0wxBi+FHUaYoJrTfFe1IAwJVzxEmjHS7UnHDDBPoGi25EoLfJ/8l57VqsFWtnWxX6vujOmbIGlknmyQgu6RODskxaRBB7skjeSYv3oP35L16b8PomDeaWSU/4H18AUW9opI=</latexit>

Rad(T )  max
t2T

ktk2
p
2 log(|T |)

n
.

<latexit sha1_base64="VwEwrTrhXtLB3SfhfoF+x/M6A5o="></latexit>

Proof : on the black board.

Remark :

The two previous propositions allow to upper bound the Rademacher 
complexity of the containing polyhedra. 



More properties

Proposition : Convex hull

Let T ⇢ Rn, v 2 Rn, c 2 R, and define cT + v = {ct+ v, t 2 T}.
<latexit sha1_base64="+c148VBWZ7zitlqXFPtbeMFE6cc="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad(conv(T )) = Rad(T ).
<latexit sha1_base64="5YrZyl77ABIwnnD/hxf/dUlkuK8=">AAACLHicbVDLSsNAFJ34rPEVdekmWIR2E5Iq6EYoduOySl/QhjKZTNuhk5kwMymUkA9y468I4sIibv0OkzYL+zgwcDjnXO7c44WUSGXbM21re2d3b79woB8eHZ+cGmfnLckjgXATccpFx4MSU8JwUxFFcScUGAYexW1vXMv89gQLSThrqGmI3QAOGRkQBFUq9Y1aj4dYQMUFgwGOX6CflJYlxNkkKTXK5YcN0UbZ0vW+UbQtew5znTg5KYIc9b7x0fM5igLMFKJQyq5jh8qNoVAEUZzovUjiEKIxHOJuSrN10o3nxybmdar45oCL9DFlztX/EzEMpJwGXpoMoBrJVS8TN3ndSA3u3ZiwMFKYocWiQURNxc2sOdMnAiNFpymBSJD0ryYaQQGRSvvNSnBWT14nrYrl3FiV59ti9TGvowAuwRUoAQfcgSp4AnXQBAi8gnfwBWbam/apfWs/i+iWls9cgCVov3/Nd6hu</latexit>

Proof : on the black board.

Proposition : Massart’s Lemma - Complexity for finite Sets

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Let T ⇢ Rn be finite.
<latexit sha1_base64="RtmyIEjy5l8NuU7S/exSzX8APAg=">AAACHnicbVDLSgMxFM34tr6qLt0Ei+CqzFRFl0U3LlyoWBU6tSTpHQ3NZIbkjliG+RI3/oobF4oIrvRvTB8LXwcCh3POJfcenipp0fc/vbHxicmp6ZnZ0tz8wuJSeXnl3CaZEdAQiUrMJWcWlNTQQIkKLlMDLOYKLnj3oO9f3IKxMtFn2EuhFbNrLSMpGDqpXd4JEe4wPwKkBT2joc24dTyMGd5wnp8WV5oOI5QDjaSWCNWiXa74VX8A+pcEI1IhIxy3y+9hJxFZDBqFYtY2Az/FVs4MSqGgKIWZhZSJLruGpqOaxWBb+eC8gm44pUOjxLinkQ7U7xM5i63txdwl+2vb315f/M9rZhjttXKp0wxBi+FHUaYoJrTfFe1IAwJVzxEmjHS7UnHDDBPoGi25EoLfJ/8l57VqsFWtnWxX6vujOmbIGlknmyQgu6RODskxaRBB7skjeSYv3oP35L16b8PomDeaWSU/4H18AUW9opI=</latexit>

Rad(T )  max
t2T

ktk2
p
2 log(|T |)

n
.

<latexit sha1_base64="VwEwrTrhXtLB3SfhfoF+x/M6A5o="></latexit>

Proof : on the black board.

Remark :

The two previous propositions allow to upper bound the Rademacher 
complexity of the containing polyhedra. 



More properties

Proposition : Convex hull

Let T ⇢ Rn, v 2 Rn, c 2 R, and define cT + v = {ct+ v, t 2 T}.
<latexit sha1_base64="+c148VBWZ7zitlqXFPtbeMFE6cc="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad(conv(T )) = Rad(T ).
<latexit sha1_base64="5YrZyl77ABIwnnD/hxf/dUlkuK8=">AAACLHicbVDLSsNAFJ34rPEVdekmWIR2E5Iq6EYoduOySl/QhjKZTNuhk5kwMymUkA9y468I4sIibv0OkzYL+zgwcDjnXO7c44WUSGXbM21re2d3b79woB8eHZ+cGmfnLckjgXATccpFx4MSU8JwUxFFcScUGAYexW1vXMv89gQLSThrqGmI3QAOGRkQBFUq9Y1aj4dYQMUFgwGOX6CflJYlxNkkKTXK5YcN0UbZ0vW+UbQtew5znTg5KYIc9b7x0fM5igLMFKJQyq5jh8qNoVAEUZzovUjiEKIxHOJuSrN10o3nxybmdar45oCL9DFlztX/EzEMpJwGXpoMoBrJVS8TN3ndSA3u3ZiwMFKYocWiQURNxc2sOdMnAiNFpymBSJD0ryYaQQGRSvvNSnBWT14nrYrl3FiV59ti9TGvowAuwRUoAQfcgSp4AnXQBAi8gnfwBWbam/apfWs/i+iWls9cgCVov3/Nd6hu</latexit>

Proof : on the black board.

Proposition : Massart’s Lemma - Complexity for finite Sets

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Let T ⇢ Rn be finite.
<latexit sha1_base64="RtmyIEjy5l8NuU7S/exSzX8APAg=">AAACHnicbVDLSgMxFM34tr6qLt0Ei+CqzFRFl0U3LlyoWBU6tSTpHQ3NZIbkjliG+RI3/oobF4oIrvRvTB8LXwcCh3POJfcenipp0fc/vbHxicmp6ZnZ0tz8wuJSeXnl3CaZEdAQiUrMJWcWlNTQQIkKLlMDLOYKLnj3oO9f3IKxMtFn2EuhFbNrLSMpGDqpXd4JEe4wPwKkBT2joc24dTyMGd5wnp8WV5oOI5QDjaSWCNWiXa74VX8A+pcEI1IhIxy3y+9hJxFZDBqFYtY2Az/FVs4MSqGgKIWZhZSJLruGpqOaxWBb+eC8gm44pUOjxLinkQ7U7xM5i63txdwl+2vb315f/M9rZhjttXKp0wxBi+FHUaYoJrTfFe1IAwJVzxEmjHS7UnHDDBPoGi25EoLfJ/8l57VqsFWtnWxX6vujOmbIGlknmyQgu6RODskxaRBB7skjeSYv3oP35L16b8PomDeaWSU/4H18AUW9opI=</latexit>

Rad(T )  max
t2T

ktk2
p
2 log(|T |)

n
.

<latexit sha1_base64="VwEwrTrhXtLB3SfhfoF+x/M6A5o="></latexit>

Proof : on the black board.

Remark :

The two previous propositions allow to upper bound the Rademacher 
complexity of the containing polyhedra. 

Proposition : Talagrand’s lemma

Let f1, . . . , fn : R ! R be n G-lipchitz functions.
<latexit sha1_base64="uzNsP9BajloMDQK925W2u8k7Foo="></latexit>

Let T ⇢ Rn and define (f1, . . . , fn) � T as
<latexit sha1_base64="TbMWxFS6heOpJY5DfwIKEjfhXEw="></latexit>

(f1, . . . , fn) � T = {(f1 (t1) , . . . , fn(tn)) , t 2 T} .
<latexit sha1_base64="eMHakMXc/5Bt3iQHbisDm0t9bAU="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad ((f, . . . , fn) � T ) 6 GRad(T ).
<latexit sha1_base64="6bxenu0ntcwa9vgWvBluhXpRV4U="></latexit>



More properties

Proposition : Convex hull

Let T ⇢ Rn, v 2 Rn, c 2 R, and define cT + v = {ct+ v, t 2 T}.
<latexit sha1_base64="+c148VBWZ7zitlqXFPtbeMFE6cc="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad(conv(T )) = Rad(T ).
<latexit sha1_base64="5YrZyl77ABIwnnD/hxf/dUlkuK8=">AAACLHicbVDLSsNAFJ34rPEVdekmWIR2E5Iq6EYoduOySl/QhjKZTNuhk5kwMymUkA9y468I4sIibv0OkzYL+zgwcDjnXO7c44WUSGXbM21re2d3b79woB8eHZ+cGmfnLckjgXATccpFx4MSU8JwUxFFcScUGAYexW1vXMv89gQLSThrqGmI3QAOGRkQBFUq9Y1aj4dYQMUFgwGOX6CflJYlxNkkKTXK5YcN0UbZ0vW+UbQtew5znTg5KYIc9b7x0fM5igLMFKJQyq5jh8qNoVAEUZzovUjiEKIxHOJuSrN10o3nxybmdar45oCL9DFlztX/EzEMpJwGXpoMoBrJVS8TN3ndSA3u3ZiwMFKYocWiQURNxc2sOdMnAiNFpymBSJD0ryYaQQGRSvvNSnBWT14nrYrl3FiV59ti9TGvowAuwRUoAQfcgSp4AnXQBAi8gnfwBWbam/apfWs/i+iWls9cgCVov3/Nd6hu</latexit>

Proof : on the black board.

Proposition : Massart’s Lemma - Complexity for finite Sets

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Let T ⇢ Rn be finite.
<latexit sha1_base64="RtmyIEjy5l8NuU7S/exSzX8APAg=">AAACHnicbVDLSgMxFM34tr6qLt0Ei+CqzFRFl0U3LlyoWBU6tSTpHQ3NZIbkjliG+RI3/oobF4oIrvRvTB8LXwcCh3POJfcenipp0fc/vbHxicmp6ZnZ0tz8wuJSeXnl3CaZEdAQiUrMJWcWlNTQQIkKLlMDLOYKLnj3oO9f3IKxMtFn2EuhFbNrLSMpGDqpXd4JEe4wPwKkBT2joc24dTyMGd5wnp8WV5oOI5QDjaSWCNWiXa74VX8A+pcEI1IhIxy3y+9hJxFZDBqFYtY2Az/FVs4MSqGgKIWZhZSJLruGpqOaxWBb+eC8gm44pUOjxLinkQ7U7xM5i63txdwl+2vb315f/M9rZhjttXKp0wxBi+FHUaYoJrTfFe1IAwJVzxEmjHS7UnHDDBPoGi25EoLfJ/8l57VqsFWtnWxX6vujOmbIGlknmyQgu6RODskxaRBB7skjeSYv3oP35L16b8PomDeaWSU/4H18AUW9opI=</latexit>

Rad(T )  max
t2T

ktk2
p
2 log(|T |)

n
.

<latexit sha1_base64="VwEwrTrhXtLB3SfhfoF+x/M6A5o="></latexit>

Proof : on the black board.

Remark :

The two previous propositions allow to upper bound the Rademacher 
complexity of the containing polyhedra. 

Proposition : Talagrand’s lemma

Let f1, . . . , fn : R ! R be n G-lipchitz functions.
<latexit sha1_base64="uzNsP9BajloMDQK925W2u8k7Foo="></latexit>

Let T ⇢ Rn and define (f1, . . . , fn) � T as
<latexit sha1_base64="TbMWxFS6heOpJY5DfwIKEjfhXEw="></latexit>

(f1, . . . , fn) � T = {(f1 (t1) , . . . , fn(tn)) , t 2 T} .
<latexit sha1_base64="eMHakMXc/5Bt3iQHbisDm0t9bAU="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad ((f, . . . , fn) � T ) 6 GRad(T ).
<latexit sha1_base64="6bxenu0ntcwa9vgWvBluhXpRV4U="></latexit>

Proof : on the black board.



More properties

Proposition : Convex hull

Let T ⇢ Rn, v 2 Rn, c 2 R, and define cT + v = {ct+ v, t 2 T}.
<latexit sha1_base64="+c148VBWZ7zitlqXFPtbeMFE6cc="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad(conv(T )) = Rad(T ).
<latexit sha1_base64="5YrZyl77ABIwnnD/hxf/dUlkuK8=">AAACLHicbVDLSsNAFJ34rPEVdekmWIR2E5Iq6EYoduOySl/QhjKZTNuhk5kwMymUkA9y468I4sIibv0OkzYL+zgwcDjnXO7c44WUSGXbM21re2d3b79woB8eHZ+cGmfnLckjgXATccpFx4MSU8JwUxFFcScUGAYexW1vXMv89gQLSThrqGmI3QAOGRkQBFUq9Y1aj4dYQMUFgwGOX6CflJYlxNkkKTXK5YcN0UbZ0vW+UbQtew5znTg5KYIc9b7x0fM5igLMFKJQyq5jh8qNoVAEUZzovUjiEKIxHOJuSrN10o3nxybmdar45oCL9DFlztX/EzEMpJwGXpoMoBrJVS8TN3ndSA3u3ZiwMFKYocWiQURNxc2sOdMnAiNFpymBSJD0ryYaQQGRSvvNSnBWT14nrYrl3FiV59ti9TGvowAuwRUoAQfcgSp4AnXQBAi8gnfwBWbam/apfWs/i+iWls9cgCVov3/Nd6hu</latexit>

Proof : on the black board.

Proposition : Massart’s Lemma - Complexity for finite Sets

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Let T ⇢ Rn be finite.
<latexit sha1_base64="RtmyIEjy5l8NuU7S/exSzX8APAg=">AAACHnicbVDLSgMxFM34tr6qLt0Ei+CqzFRFl0U3LlyoWBU6tSTpHQ3NZIbkjliG+RI3/oobF4oIrvRvTB8LXwcCh3POJfcenipp0fc/vbHxicmp6ZnZ0tz8wuJSeXnl3CaZEdAQiUrMJWcWlNTQQIkKLlMDLOYKLnj3oO9f3IKxMtFn2EuhFbNrLSMpGDqpXd4JEe4wPwKkBT2joc24dTyMGd5wnp8WV5oOI5QDjaSWCNWiXa74VX8A+pcEI1IhIxy3y+9hJxFZDBqFYtY2Az/FVs4MSqGgKIWZhZSJLruGpqOaxWBb+eC8gm44pUOjxLinkQ7U7xM5i63txdwl+2vb315f/M9rZhjttXKp0wxBi+FHUaYoJrTfFe1IAwJVzxEmjHS7UnHDDBPoGi25EoLfJ/8l57VqsFWtnWxX6vujOmbIGlknmyQgu6RODskxaRBB7skjeSYv3oP35L16b8PomDeaWSU/4H18AUW9opI=</latexit>

Rad(T )  max
t2T

ktk2
p
2 log(|T |)

n
.

<latexit sha1_base64="VwEwrTrhXtLB3SfhfoF+x/M6A5o="></latexit>

Proof : on the black board.

Remark :

The two previous propositions allow to upper bound the Rademacher 
complexity of the containing polyhedra. 

Proposition : Talagrand’s lemma

Let f1, . . . , fn : R ! R be n G-lipchitz functions.
<latexit sha1_base64="uzNsP9BajloMDQK925W2u8k7Foo="></latexit>

Let T ⇢ Rn and define (f1, . . . , fn) � T as
<latexit sha1_base64="TbMWxFS6heOpJY5DfwIKEjfhXEw="></latexit>

(f1, . . . , fn) � T = {(f1 (t1) , . . . , fn(tn)) , t 2 T} .
<latexit sha1_base64="eMHakMXc/5Bt3iQHbisDm0t9bAU="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad ((f, . . . , fn) � T ) 6 GRad(T ).
<latexit sha1_base64="6bxenu0ntcwa9vgWvBluhXpRV4U="></latexit>

Remark :

Proof : on the black board.

This lemma will later be used to establish statistical bounds when the loss 
` satisfies a Lispchitz condition.
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Remarks :

We will use from now on the Rademacher complexity to establish as a measure 
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We will use from now on the Rademacher complexity to establish as a measure 
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Remarks :

We will use from now on the Rademacher complexity to establish as a measure 
of complexity of the hypothesis class H.
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Remarks :

We will use from now on the Rademacher complexity to establish as a measure 
of complexity of the hypothesis class H.
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Remarks :

We will use from now on the Rademacher complexity to establish as a measure 
of complexity of the hypothesis class H.
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Applications in the regression setting
Proposition : Complexity for Lipschitz Losses

Under the Empirical Risk Minimization Framework, if ŷ 7! `(ŷ, y)
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Remarks :

We will use from now on the Rademacher complexity to establish as a measure 
of complexity of the hypothesis class H.

<latexit sha1_base64="h1B5soePsCIMEAevbw5KXTThAYk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgKiRV0GXRTZcV7AOaUCbTSTt0MgkzE6GE/oYbF4q49Wfc+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PCofnzSU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8/9/hOVisXiUc8T6kd4IljICNZG8rwI6ynBPGsv7FG94dhOAbRO3JI0oERnVP/yxjFJIyo04Vipoesk2s+w1Ixwuqh5qaIJJjM8oUNDBY6o8rMi8wJdGGWMwliaJzQq1N8bGY6UmkeBmcwzqlUvF//zhqkOb/2MiSTVVJDloTDlSMcoLwCNmaRE87khmEhmsiIyxRITbWqqmRLc1S+vk17Tdq/s5sN1o3VX1lGFMziHS3DhBlrQhg50gUACz/AKb1ZqvVjv1sdytGKVO6fwB9bnD+tlkZo=</latexit>

A fundamental result in this direction is the symmetrisation lemma.

Proposition : Symmetrization lemmaFormal definition & Symmetrization Lemma
Under the Empirical Risk Minimization Framework, we have :

E
"
sup
f2H

{r(f)�R(f)}

#
6 2Rad(H).

<latexit sha1_base64="rlqfJ+m9zeG/9wsf1axCTRg90Wg="></latexit>

Proof : on the black board.

Applications in the regression setting
Proposition : Complexity for Lipschitz Losses

Under the Empirical Risk Minimization Framework, if ŷ 7! `(ŷ, y)
<latexit sha1_base64="zY0O20JzbgzYUCIRXLIBS9ovrtM="></latexit>

is G-lipschitz, then
<latexit sha1_base64="nMnv6DuAn6wGchDhL2aZU140FbA=">AAACFHicbZC7SgNBFIZnvRtvUUubwSAIatiNgpaihZYRzAWSJcxOTszg7Owyc1aMyz6Eja9iY6GIrYWdb+Mk2cLbDwMf/zmHM+cPYikMuu6nMzE5NT0zOzdfWFhcWl4prq7VTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEVyfDuuNG9BGROoSBzH4IbtSoic4Q2t1ijtthFtMhaEZPRvznhSx4X2Bd9kuHVvYB0WzTrHklt2R6F/wciiRXNVO8aPdjXgSgkIumTEtz43RT5lGwSVkhXZiIGb8ml1By6JiIRg/HR2V0S3rdGkv0vYppCP3+0TKQmMGYWA7Q4Z987s2NP+rtRLsHfmpUHGCoPh4US+RFCM6TIh2hQaOcmCBcS3sXynvM8042hwLNgTv98l/oV4pe/vlysVB6fgkj2OObJBNsk08ckiOyTmpkhrh5J48kmfy4jw4T86r8zZunXDymXXyQ877F59Iny0=</latexit>

gRad(H)  G E
"
sup
f2H

1

n

nX

i=1

⌦i f (Xi) | X1, . . . , Xn

#
.

<latexit sha1_base64="Vk7A7s9kpwrCn8jqlw/OPC1/2g4="></latexit>

Proof : on the black board.
Remarks :

Hence, assuming assuming a Lipschitz error function allows us to focus on the 
complexity spanned by the set of estimators rather than the composition 

`(f(X), Y ).
<latexit sha1_base64="P8p7FnitmzMDklzeMnaAqVI73H4=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahBQlJFfRY9OKxgv2QNpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zM82POlHacbyu3srq2vpHfLGxt7+zuFfcPmipKJIUGjXgk2z5RwJmAhmaaQzuWQEKfQ8sfXU/91iNIxSJxp8cxeCEZCBYwSrSRHrrAeTkotyun+L5i94olx3ZmwMvEzUgJZaj3il/dfkSTEISmnCjVcZ1YeymRmlEOk0I3URATOiID6BgqSAjKS2dXT/CJUfo4iKQpofFM/T2RklCpceibzpDooVr0puJ/XifRwaWXMhEnGgSdLwoSjnWEpxHgPpNANR8bQqhk5lZMh0QSqk1QBROCu/jyMmlWbffMrt6el2pXWRx5dISOURm56ALV0A2qowaiSKJn9IrerCfrxXq3PuatOSubOUR/YH3+APAskNY=</latexit>



Linear Regression Examples

Proposition :Linear prediction with `2-constraints, and `2 bounded data.
<latexit sha1_base64="rK9bkOrBiTshq/tfEN/7uQbwoGs="></latexit>

Let H ,
�
x 7! !>x, kwk2  c

 
, for c > 0 fixed.

<latexit sha1_base64="PQQL3xHStWOPl+QRFwExhJxiGxw="></latexit>

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad (Tx) 6 c ·
max16i6n kxik2p

n
.

<latexit sha1_base64="UnijddxLyaOG6zdVQkNT3BnLqTo="></latexit>



Linear Regression Examples

Proposition :Linear prediction with `2-constraints, and `2 bounded data.
<latexit sha1_base64="rK9bkOrBiTshq/tfEN/7uQbwoGs="></latexit>

Let H ,
�
x 7! !>x, kwk2  c

 
, for c > 0 fixed.

<latexit sha1_base64="PQQL3xHStWOPl+QRFwExhJxiGxw="></latexit>

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad (Tx) 6 c ·
max16i6n kxik2p

n
.

<latexit sha1_base64="UnijddxLyaOG6zdVQkNT3BnLqTo="></latexit>

Proof : on the black board.



Linear Regression Examples

Proposition :Linear prediction with `2-constraints, and `2 bounded data.
<latexit sha1_base64="rK9bkOrBiTshq/tfEN/7uQbwoGs="></latexit>

Let H ,
�
x 7! !>x, kwk2  c

 
, for c > 0 fixed.

<latexit sha1_base64="PQQL3xHStWOPl+QRFwExhJxiGxw="></latexit>

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad (Tx) 6 c ·
max16i6n kxik2p

n
.

<latexit sha1_base64="UnijddxLyaOG6zdVQkNT3BnLqTo="></latexit>

Proof : on the black board.

Remark :

We directly deduce
<latexit sha1_base64="+5dgTWseN2BLaLmtdSU9ttWqOw4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoMuiG5cV7APaUCaTm3bo5MHMjVhCwY2/4saFIm79CXf+jWmbRW09MHA4517unOPGUmi0rB+jsLK6tr5R3Cxtbe/s7pn7B00dJYpDg0cyUm2XaZAihAYKlNCOFbDAldByhzcTv/UASosovMdRDE7A+qHwBWeYST3zqIvwiGkLqCcUcJQj6oGXcKDjnlm2KtYUdJnYOSmTHPWe+d31Ip4EECKXTOuObcXopEyh4BLGpW6iIWZ8yPrQyWjIAtBOOs0wpqeZ4lE/UtkLkU7V+Y2UBVqPAjebDBgO9KI3Ef/zOgn6V04qwjhBCPnskJ9IihGdFDKXWzCuRPZXygdMMY5ZbaWsBHsx8jJpViv2eaV6d1GuXed1FMkxOSFnxCaXpEZuSZ00CCdP5IW8kXfj2Xg1PozP2WjByHcOyR8YX7/uxpey</latexit>

Rad (Tx) 6 c · max
16i6n

kxik1

r
d

n
.

<latexit sha1_base64="VxZM6gD0JndG+1QQ6ybw/bubRo8="></latexit>



Proposition :

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Linear Regression Examples

Proposition :Linear prediction with `2-constraints, and `2 bounded data.
<latexit sha1_base64="rK9bkOrBiTshq/tfEN/7uQbwoGs="></latexit>

Linear prediction with `1-constraints, and `1 bounded data.
<latexit sha1_base64="gw3oFs0ikwQGspM9gdSgAbVvs1s="></latexit>

Let H ,
�
x 7! !>x, kwk2  c

 
, for c > 0 fixed.

<latexit sha1_base64="PQQL3xHStWOPl+QRFwExhJxiGxw="></latexit>

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad (Tx) 6 c ·
max16i6n kxik2p

n
.

<latexit sha1_base64="UnijddxLyaOG6zdVQkNT3BnLqTo="></latexit>

Proof : on the black board.

Remark :

We directly deduce
<latexit sha1_base64="+5dgTWseN2BLaLmtdSU9ttWqOw4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoMuiG5cV7APaUCaTm3bo5MHMjVhCwY2/4saFIm79CXf+jWmbRW09MHA4517unOPGUmi0rB+jsLK6tr5R3Cxtbe/s7pn7B00dJYpDg0cyUm2XaZAihAYKlNCOFbDAldByhzcTv/UASosovMdRDE7A+qHwBWeYST3zqIvwiGkLqCcUcJQj6oGXcKDjnlm2KtYUdJnYOSmTHPWe+d31Ip4EECKXTOuObcXopEyh4BLGpW6iIWZ8yPrQyWjIAtBOOs0wpqeZ4lE/UtkLkU7V+Y2UBVqPAjebDBgO9KI3Ef/zOgn6V04qwjhBCPnskJ9IihGdFDKXWzCuRPZXygdMMY5ZbaWsBHsx8jJpViv2eaV6d1GuXed1FMkxOSFnxCaXpEZuSZ00CCdP5IW8kXfj2Xg1PozP2WjByHcOyR8YX7/uxpey</latexit>

Let H ,
�
x 7! !>x, kwk1  c

 
, for c > 0 fixed.

<latexit sha1_base64="blOCM39LLKavzgDRR5dw7bxWrG8="></latexit>

Rad (Tx) 6 c · max
16i6n

kxik1

r
d

n
.

<latexit sha1_base64="VxZM6gD0JndG+1QQ6ybw/bubRo8="></latexit>

Rad (Tx) 6 c · max
16i6n

kxik1

r
2 log(2d)

n
.

<latexit sha1_base64="/zqGE9JOKZtPuH0LT71IPcKm0ec="></latexit>

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>



Proposition :

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Linear Regression Examples

Proposition :Linear prediction with `2-constraints, and `2 bounded data.
<latexit sha1_base64="rK9bkOrBiTshq/tfEN/7uQbwoGs="></latexit>

Linear prediction with `1-constraints, and `1 bounded data.
<latexit sha1_base64="gw3oFs0ikwQGspM9gdSgAbVvs1s="></latexit>

Let H ,
�
x 7! !>x, kwk2  c

 
, for c > 0 fixed.

<latexit sha1_base64="PQQL3xHStWOPl+QRFwExhJxiGxw="></latexit>

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad (Tx) 6 c ·
max16i6n kxik2p

n
.

<latexit sha1_base64="UnijddxLyaOG6zdVQkNT3BnLqTo="></latexit>

Proof : on the black board.

Remark :

We directly deduce
<latexit sha1_base64="+5dgTWseN2BLaLmtdSU9ttWqOw4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoMuiG5cV7APaUCaTm3bo5MHMjVhCwY2/4saFIm79CXf+jWmbRW09MHA4517unOPGUmi0rB+jsLK6tr5R3Cxtbe/s7pn7B00dJYpDg0cyUm2XaZAihAYKlNCOFbDAldByhzcTv/UASosovMdRDE7A+qHwBWeYST3zqIvwiGkLqCcUcJQj6oGXcKDjnlm2KtYUdJnYOSmTHPWe+d31Ip4EECKXTOuObcXopEyh4BLGpW6iIWZ8yPrQyWjIAtBOOs0wpqeZ4lE/UtkLkU7V+Y2UBVqPAjebDBgO9KI3Ef/zOgn6V04qwjhBCPnskJ9IihGdFDKXWzCuRPZXygdMMY5ZbaWsBHsx8jJpViv2eaV6d1GuXed1FMkxOSFnxCaXpEZuSZ00CCdP5IW8kXfj2Xg1PozP2WjByHcOyR8YX7/uxpey</latexit>

Let H ,
�
x 7! !>x, kwk1  c

 
, for c > 0 fixed.

<latexit sha1_base64="blOCM39LLKavzgDRR5dw7bxWrG8="></latexit>

Rad (Tx) 6 c · max
16i6n

kxik1

r
d

n
.

<latexit sha1_base64="VxZM6gD0JndG+1QQ6ybw/bubRo8="></latexit>

Rad (Tx) 6 c · max
16i6n

kxik1

r
2 log(2d)

n
.

<latexit sha1_base64="/zqGE9JOKZtPuH0LT71IPcKm0ec="></latexit>

Remark :

Note the logarithmic dependency in the dimension!

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>



Proposition :

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Linear Regression Examples

Proposition :Linear prediction with `2-constraints, and `2 bounded data.
<latexit sha1_base64="rK9bkOrBiTshq/tfEN/7uQbwoGs="></latexit>

Linear prediction with `1-constraints, and `1 bounded data.
<latexit sha1_base64="gw3oFs0ikwQGspM9gdSgAbVvs1s="></latexit>

Let H ,
�
x 7! !>x, kwk2  c

 
, for c > 0 fixed.

<latexit sha1_base64="PQQL3xHStWOPl+QRFwExhJxiGxw="></latexit>

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad (Tx) 6 c ·
max16i6n kxik2p

n
.

<latexit sha1_base64="UnijddxLyaOG6zdVQkNT3BnLqTo="></latexit>

Proof : on the black board.

Remark :

We directly deduce
<latexit sha1_base64="+5dgTWseN2BLaLmtdSU9ttWqOw4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoMuiG5cV7APaUCaTm3bo5MHMjVhCwY2/4saFIm79CXf+jWmbRW09MHA4517unOPGUmi0rB+jsLK6tr5R3Cxtbe/s7pn7B00dJYpDg0cyUm2XaZAihAYKlNCOFbDAldByhzcTv/UASosovMdRDE7A+qHwBWeYST3zqIvwiGkLqCcUcJQj6oGXcKDjnlm2KtYUdJnYOSmTHPWe+d31Ip4EECKXTOuObcXopEyh4BLGpW6iIWZ8yPrQyWjIAtBOOs0wpqeZ4lE/UtkLkU7V+Y2UBVqPAjebDBgO9KI3Ef/zOgn6V04qwjhBCPnskJ9IihGdFDKXWzCuRPZXygdMMY5ZbaWsBHsx8jJpViv2eaV6d1GuXed1FMkxOSFnxCaXpEZuSZ00CCdP5IW8kXfj2Xg1PozP2WjByHcOyR8YX7/uxpey</latexit>

Let H ,
�
x 7! !>x, kwk1  c

 
, for c > 0 fixed.

<latexit sha1_base64="blOCM39LLKavzgDRR5dw7bxWrG8="></latexit>

Rad (Tx) 6 c · max
16i6n

kxik1

r
d

n
.

<latexit sha1_base64="VxZM6gD0JndG+1QQ6ybw/bubRo8="></latexit>

Rad (Tx) 6 c · max
16i6n

kxik1

r
2 log(2d)

n
.

<latexit sha1_base64="/zqGE9JOKZtPuH0LT71IPcKm0ec="></latexit>

Remark :

Note the logarithmic dependency in the dimension!

Proposition : Linear prediction with simplex-constraints, and `1 bounded data.
<latexit sha1_base64="HyhjxNjEzFEtLOBl0IadT32keUQ="></latexit>

Let H ,
�
x 7! !>x,w 2 �d

 
, where �d = {w 2 (R+)

d, kwk1 = 1}.
<latexit sha1_base64="hesN+xeWGhoTviJTpv2XTDaGl+g="></latexit>

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad (Tx) 6 max
16i6n

kxik1

r
2 log(d)

n
.

<latexit sha1_base64="hGYre9hOq2rH9H/8+tWtVmM/hvA="></latexit>



Proposition :

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Linear Regression Examples

Proposition :Linear prediction with `2-constraints, and `2 bounded data.
<latexit sha1_base64="rK9bkOrBiTshq/tfEN/7uQbwoGs="></latexit>

Linear prediction with `1-constraints, and `1 bounded data.
<latexit sha1_base64="gw3oFs0ikwQGspM9gdSgAbVvs1s="></latexit>

Let H ,
�
x 7! !>x, kwk2  c

 
, for c > 0 fixed.

<latexit sha1_base64="PQQL3xHStWOPl+QRFwExhJxiGxw="></latexit>

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad (Tx) 6 c ·
max16i6n kxik2p

n
.

<latexit sha1_base64="UnijddxLyaOG6zdVQkNT3BnLqTo="></latexit>

Proof : on the black board.

Remark :

We directly deduce
<latexit sha1_base64="+5dgTWseN2BLaLmtdSU9ttWqOw4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqoMuiG5cV7APaUCaTm3bo5MHMjVhCwY2/4saFIm79CXf+jWmbRW09MHA4517unOPGUmi0rB+jsLK6tr5R3Cxtbe/s7pn7B00dJYpDg0cyUm2XaZAihAYKlNCOFbDAldByhzcTv/UASosovMdRDE7A+qHwBWeYST3zqIvwiGkLqCcUcJQj6oGXcKDjnlm2KtYUdJnYOSmTHPWe+d31Ip4EECKXTOuObcXopEyh4BLGpW6iIWZ8yPrQyWjIAtBOOs0wpqeZ4lE/UtkLkU7V+Y2UBVqPAjebDBgO9KI3Ef/zOgn6V04qwjhBCPnskJ9IihGdFDKXWzCuRPZXygdMMY5ZbaWsBHsx8jJpViv2eaV6d1GuXed1FMkxOSFnxCaXpEZuSZ00CCdP5IW8kXfj2Xg1PozP2WjByHcOyR8YX7/uxpey</latexit>

Let H ,
�
x 7! !>x, kwk1  c

 
, for c > 0 fixed.

<latexit sha1_base64="blOCM39LLKavzgDRR5dw7bxWrG8="></latexit>

Rad (Tx) 6 c · max
16i6n

kxik1

r
d

n
.

<latexit sha1_base64="VxZM6gD0JndG+1QQ6ybw/bubRo8="></latexit>

Rad (Tx) 6 c · max
16i6n

kxik1

r
2 log(2d)

n
.

<latexit sha1_base64="/zqGE9JOKZtPuH0LT71IPcKm0ec="></latexit>

Remark :

Note the logarithmic dependency in the dimension!

Proposition : Linear prediction with simplex-constraints, and `1 bounded data.
<latexit sha1_base64="HyhjxNjEzFEtLOBl0IadT32keUQ="></latexit>

Let H ,
�
x 7! !>x,w 2 �d

 
, where �d = {w 2 (R+)

d, kwk1 = 1}.
<latexit sha1_base64="hesN+xeWGhoTviJTpv2XTDaGl+g="></latexit>

Let x = (x1, . . . , xn) 2 X
n be fixed and Tx , {(f (x1) , . . . , f (xn)) , f 2 H}

<latexit sha1_base64="sAMjYmNie5YXxpugo3FNhr5irVY="></latexit>

Then,
<latexit sha1_base64="n9DDXW0VZyXGncTaEmvTf4qn718=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcJuFPQY9OIxQl6QLGF20kmGzM6uM73BsOQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXEEth0HW/ncza+sbmVnY7t7O7t3+QPzyqmyjRHGo8kpFuBsyAFApqKFBCM9bAwkBCIxjeTf3GCLQRkariOAY/ZH0leoIztJLfRnhCmlYHoC4mnXzBLboz0FXiLUiBLFDp5L/a3YgnISjkkhnT8twY/ZRpFFzCJNdODMSMD1kfWpYqFoLx09nRE3pmlS7tRdqWQjpTf0+kLDRmHAa2M2Q4MMveVPzPayXYu/FToeIEQfH5ol4iKUZ0mgDtCg0c5dgSxrWwt1I+YJpxtDnlbAje8surpF4qepfF0sNVoXy7iCNLTsgpOSceuSZlck8qpEY4eSTP5JW8OSPnxXl3PuatGWcxc0z+wPn8AY2FkfQ=</latexit>

Rad (Tx) 6 max
16i6n

kxik1

r
2 log(d)

n
.

<latexit sha1_base64="hGYre9hOq2rH9H/8+tWtVmM/hvA="></latexit>

Proof : Almost identical to the previous one.



Definition

A Nonlinear Example - Feed-forward neural nets



Definition
Definition

Neural networks are non-linear estimators of the form

f(w, x) = �
�
w>

s �
�
. . . ,�(w>

1 x)
��

<latexit sha1_base64="lR9AWbrZsFA1oJRTTjSRI3oRSXM="></latexit>

where for all i 2 {1, . . . , s}, wi 2 Rni⇥ni�1
<latexit sha1_base64="2xwV2+/hNvE7oxAnKbq0JE0a8qk="></latexit>

� : u 7! (�(u1), . . . ,�(up))
> applies the scalar function � to each coe�cient of the input vector.

<latexit sha1_base64="E/rPfgBPvEMxdkoCOENQ/UJB9tg="></latexit>

to each coe�cient of the input vector.
<latexit sha1_base64="ZfSsxzRzO/5p0VYE1U0AThfAJzo=">AAACGHicbVDLTgJBEJzFF+IL9ehlIjHxhLtookeiF4+YyCMBQmaHXpgwu7OZ6SWSDZ/hxV/x4kFjvHLzbxweBwU7maRS1d3TVX4shUHX/XYya+sbm1vZ7dzO7t7+Qf7wqGZUojlUuZJKN3xmQIoIqihQQiPWwEJfQt0f3E31+hC0ESp6xFEM7ZD1IhEIztBSnfxFC+EJU1QUGO9TriCwooAIqQoo9oGKKE6QDoGj0sVxJ19wi+6s6CrwFqBAFlXp5CetruJJaDdyyYxpem6M7ZRpFFzCONdKDMSMD1gPmhZGLATTTmfGxvTMMl0aKG2fvWjG/p5IWWjMKPRtZ8iwb5a1Kfmf1kwwuGmnM2sQ8flHQSKpzWGaEu0KbQ3LkQWMa2FvpbzPNONos8zZELxly6ugVip6l8XSw1WhfLuII0tOyCk5Jx65JmVyTyqkSjh5Jq/knXw4L86b8+l8zVszzmLmmPwpZ/ID+YSgWA==</latexit>

A Nonlinear Example - Feed-forward neural nets



Definition
Definition

Neural networks are non-linear estimators of the form

f(w, x) = �
�
w>

s �
�
. . . ,�(w>

1 x)
��

<latexit sha1_base64="lR9AWbrZsFA1oJRTTjSRI3oRSXM="></latexit>

where for all i 2 {1, . . . , s}, wi 2 Rni⇥ni�1
<latexit sha1_base64="2xwV2+/hNvE7oxAnKbq0JE0a8qk="></latexit>

Remarks :

n0 must match the dimension d of the input x.
<latexit sha1_base64="ThQtrI8NvvRyvJCx14wQEjmgwq4=">AAACKXicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxgH9CWkknvtKGZzJDckZahv+PGX3GjoKhbf8R0WkFbDwQO59yb5Bw/lsKg6344S8srq2vruY385tb2zm5hb79mokRzqPJIRrrhMwNSKKiiQAmNWAMLfQl1f3A98ev3oI2I1B2OYmiHrKdEIDhDK3UKZdVxaQthiCkNE4M0ZMj7FPtAuyIENVmkY9r9mYmCzBMqTtDqw1KnUHRLbga6SLwZKZIZKp3CS6sb8cTejVwyY5qeG2M7ZRoFlzDOtxIDMeMD1oOmpYqFYNpplnRMj63SpUGk7VFIM/X3RspCY0ahbydtkL6Z9ybif14zweCynWaxQPHpQ0EiKUZ0UpstQwNHObKEcS3sXynvM8042nLztgRvPvIiqZ2WvLPS6e15sXw1qyNHDskROSEeuSBlckMqpEo4eSBP5JW8OY/Os/PufE5Hl5zZzgH5A+frG4fhpis=</latexit>

� : u 7! (�(u1), . . . ,�(up))
> applies the scalar function � to each coe�cient of the input vector.

<latexit sha1_base64="E/rPfgBPvEMxdkoCOENQ/UJB9tg="></latexit>

to each coe�cient of the input vector.
<latexit sha1_base64="ZfSsxzRzO/5p0VYE1U0AThfAJzo=">AAACGHicbVDLTgJBEJzFF+IL9ehlIjHxhLtookeiF4+YyCMBQmaHXpgwu7OZ6SWSDZ/hxV/x4kFjvHLzbxweBwU7maRS1d3TVX4shUHX/XYya+sbm1vZ7dzO7t7+Qf7wqGZUojlUuZJKN3xmQIoIqihQQiPWwEJfQt0f3E31+hC0ESp6xFEM7ZD1IhEIztBSnfxFC+EJU1QUGO9TriCwooAIqQoo9oGKKE6QDoGj0sVxJ19wi+6s6CrwFqBAFlXp5CetruJJaDdyyYxpem6M7ZRpFFzCONdKDMSMD1gPmhZGLATTTmfGxvTMMl0aKG2fvWjG/p5IWWjMKPRtZ8iwb5a1Kfmf1kwwuGmnM2sQ8flHQSKpzWGaEu0KbQ3LkQWMa2FvpbzPNONos8zZELxly6ugVip6l8XSw1WhfLuII0tOyCk5Jx65JmVyTyqkSjh5Jq/knXw4L86b8+l8zVszzmLmmPwpZ/ID+YSgWA==</latexit>

A Nonlinear Example - Feed-forward neural nets



Definition
Definition

Neural networks are non-linear estimators of the form

f(w, x) = �
�
w>

s �
�
. . . ,�(w>

1 x)
��

<latexit sha1_base64="lR9AWbrZsFA1oJRTTjSRI3oRSXM="></latexit>

where for all i 2 {1, . . . , s}, wi 2 Rni⇥ni�1
<latexit sha1_base64="2xwV2+/hNvE7oxAnKbq0JE0a8qk="></latexit>

Remarks :

n0 must match the dimension d of the input x.
<latexit sha1_base64="ThQtrI8NvvRyvJCx14wQEjmgwq4=">AAACKXicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxgH9CWkknvtKGZzJDckZahv+PGX3GjoKhbf8R0WkFbDwQO59yb5Bw/lsKg6344S8srq2vruY385tb2zm5hb79mokRzqPJIRrrhMwNSKKiiQAmNWAMLfQl1f3A98ev3oI2I1B2OYmiHrKdEIDhDK3UKZdVxaQthiCkNE4M0ZMj7FPtAuyIENVmkY9r9mYmCzBMqTtDqw1KnUHRLbga6SLwZKZIZKp3CS6sb8cTejVwyY5qeG2M7ZRoFlzDOtxIDMeMD1oOmpYqFYNpplnRMj63SpUGk7VFIM/X3RspCY0ahbydtkL6Z9ybif14zweCynWaxQPHpQ0EiKUZ0UpstQwNHObKEcS3sXynvM8042nLztgRvPvIiqZ2WvLPS6e15sXw1qyNHDskROSEeuSBlckMqpEo4eSBP5JW8OY/Os/PufE5Hl5zZzgH5A+frG4fhpis=</latexit>

� : u 7! (�(u1), . . . ,�(up))
> applies the scalar function � to each coe�cient of the input vector.

<latexit sha1_base64="E/rPfgBPvEMxdkoCOENQ/UJB9tg="></latexit>

to each coe�cient of the input vector.
<latexit sha1_base64="ZfSsxzRzO/5p0VYE1U0AThfAJzo=">AAACGHicbVDLTgJBEJzFF+IL9ehlIjHxhLtookeiF4+YyCMBQmaHXpgwu7OZ6SWSDZ/hxV/x4kFjvHLzbxweBwU7maRS1d3TVX4shUHX/XYya+sbm1vZ7dzO7t7+Qf7wqGZUojlUuZJKN3xmQIoIqihQQiPWwEJfQt0f3E31+hC0ESp6xFEM7ZD1IhEIztBSnfxFC+EJU1QUGO9TriCwooAIqQoo9oGKKE6QDoGj0sVxJ19wi+6s6CrwFqBAFlXp5CetruJJaDdyyYxpem6M7ZRpFFzCONdKDMSMD1gPmhZGLATTTmfGxvTMMl0aKG2fvWjG/p5IWWjMKPRtZ8iwb5a1Kfmf1kwwuGmnM2sQ8flHQSKpzWGaEu0KbQ3LkQWMa2FvpbzPNONos8zZELxly6ugVip6l8XSw1WhfLuII0tOyCk5Jx65JmVyTyqkSjh5Jq/knXw4L86b8+l8zVszzmLmmPwpZ/ID+YSgWA==</latexit>

� is often called an activation function.
<latexit sha1_base64="eyERsveSWPUpmYSbKlrGraiH2+w="></latexit>

A Nonlinear Example - Feed-forward neural nets



Definition
Definition

Neural networks are non-linear estimators of the form

f(w, x) = �
�
w>

s �
�
. . . ,�(w>

1 x)
��

<latexit sha1_base64="lR9AWbrZsFA1oJRTTjSRI3oRSXM="></latexit>

where for all i 2 {1, . . . , s}, wi 2 Rni⇥ni�1
<latexit sha1_base64="2xwV2+/hNvE7oxAnKbq0JE0a8qk="></latexit>

Remarks :

n0 must match the dimension d of the input x.
<latexit sha1_base64="ThQtrI8NvvRyvJCx14wQEjmgwq4=">AAACKXicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxgH9CWkknvtKGZzJDckZahv+PGX3GjoKhbf8R0WkFbDwQO59yb5Bw/lsKg6344S8srq2vruY385tb2zm5hb79mokRzqPJIRrrhMwNSKKiiQAmNWAMLfQl1f3A98ev3oI2I1B2OYmiHrKdEIDhDK3UKZdVxaQthiCkNE4M0ZMj7FPtAuyIENVmkY9r9mYmCzBMqTtDqw1KnUHRLbga6SLwZKZIZKp3CS6sb8cTejVwyY5qeG2M7ZRoFlzDOtxIDMeMD1oOmpYqFYNpplnRMj63SpUGk7VFIM/X3RspCY0ahbydtkL6Z9ybif14zweCynWaxQPHpQ0EiKUZ0UpstQwNHObKEcS3sXynvM8042nLztgRvPvIiqZ2WvLPS6e15sXw1qyNHDskROSEeuSBlckMqpEo4eSBP5JW8OY/Os/PufE5Hl5zZzgH5A+frG4fhpis=</latexit>

Examples of standard activation functions include
<latexit sha1_base64="oR6JlltoSgEebl8kBhEB9YScsnM=">AAACInicbVDLSgNBEJz1bXxFPXoZDIKnsKuCehNF8KhgEiEJoXe2VwdnZ5eZXjEs+RYv/ooXD4p6EvwYJzEHTSwYKKqq6ekKMyUt+f6nNzE5NT0zOzdfWlhcWl4pr67VbZobgTWRqtRchWBRSY01kqTwKjMISaiwEd6e9P3GHRorU31J3QzbCVxrGUsB5KRO+bBFeE/F6T0kmULL05hbAh2BiTgIkneDHI9zLfrEcqmFyiPkvU654lf9Afg4CYakwoY475TfW1Eq8gQ1CQXWNgM/o3YBhqRQ2Cu1cosZiFu4xqajGhK07WJwYo9vOSXicWrc08QH6u+JAhJru0nokgnQjR31+uJ/XjOn+KBdSJ3lhFr8LIpzxSnl/b54JA0KUl1HQBjp/srFDRjXjWu15EoIRk8eJ/WdarBb3bnYqxwdD+uYYxtsk22zgO2zI3bGzlmNCfbAntgLe/UevWfvzfv4iU54w5l19gfe1zfdZqUW</latexit>

ReLU : t 7! max(t, 0)
<latexit sha1_base64="6aqXxHKNuavFGAnCVPb9Zku7mw4=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGIIGE3CopV0MbCIop5QBLC7OQmGTL7YOauJCzpbfwVGwtFbP0BO//GyaPQxAPDHM65l5lz3FAKjbb9bSWWlldW15LrqY3Nre2d9O5eRQeR4lDmgQxUzWUapPChjAIl1EIFzHMlVN3+1divPoDSIvDvcRhC02NdX3QEZ2ikVjrTQBhgfAc35RG9oEgbHgs1BuN7kMNjah+10lk7b09AF4kzI1kyQ6mV/mq0Ax554COXTOu6Y4fYjJlCwSWMUo1IQ8h4n3WhbqjPPNDNeJJlRA+N0qadQJnjI52ovzdi5mk99Fwz6THs6XlvLP7n1SPsnDdj4YcRgs+nD3UiSU3WcTG0LRRwlENDGFfC/JXyHlOMo6kvZUpw5iMvkkoh75zkC7en2eLlrI4kOSAZkiMOOSNFck1KpEw4eSTP5JW8WU/Wi/VufUxHE9ZsZ5/8gfX5A5agmXU=</latexit>

Sigmoid : t 7! 1

1 + exp(�t)
<latexit sha1_base64="DtWWBI7MiaNoUul6EGgG6F3iEZc=">AAACGnicbVBNSwMxFMzWr1q/qh69BIugiGVXBcWT6MVjRauFbinZ9G0bTHaX5K1Ylv0dXvwrXjwo4k28+G9Maw9aHQgMM+/xMhMkUhh03U+nMDE5NT1TnC3NzS8sLpWXV65MnGoOdR7LWDcCZkCKCOooUEIj0cBUIOE6uDkd+Ne3oI2Io0vsJ9BSrBuJUHCGVmqXPR/hDrML0VWx6OT0iCL1FUsMxtQPNeOZl2ce3aY+3CWbO7iVt8sVt+oOQf8Sb0QqZIRau/zud2KeKoiQS2ZM03MTbGVMo+AS8pKfGkgYv2FdaFoaMQWmlQ2j5XTDKh0axtq+COlQ/bmRMWVMXwV2UjHsmXFvIP7nNVMMD1uZiJIUIeLfh8JUUpt70BPtCA0cZd8SxrWwf6W8x2whaNss2RK88ch/ydVu1dur7p7vV45PRnUUyRpZJ5vEIwfkmJyRGqkTTu7JI3kmL86D8+S8Om/fowVntLNKfsH5+AKZ25/s</latexit>

Tanh : t 7! et � e�t

et + e�t
<latexit sha1_base64="8D48JOu3yNVfwD/MhnSAfui89jQ=">AAACInicbVDLSgNBEJz1bXxFPXoZDIIght0o+DgFvXhUMDGQjWF20muGzM4uM71iWPZbvPgrXjwo6knwY5zECL4KBqqruunpChIpDLrumzM2PjE5NT0zW5ibX1hcKi6v1E2cag41HstYNwJmQAoFNRQooZFoYFEg4SLoHQ/8i2vQRsTqHPsJtCJ2pUQoOEMrtYsHPsINZudMdXN6SJH6EUsMxtQPNeMZXCLdpnCZbWOeD6utr6pdLLlldwj6l3gjUiIjnLaLL34n5mkECrlkxjQ9N8FWxjQKLiEv+KmBhPEeu4KmpYpFYFrZ8MScblilQ8NY26eQDtXvExmLjOlHge2MGHbNb28g/uc1Uwz3W5lQSYqg+OeiMJXURjDIi3aEBo6ybwnjWti/Ut5lNhu0qRZsCN7vk/+SeqXs7ZQrZ7ul6tEojhmyRtbJJvHIHqmSE3JKaoSTW3JPHsmTc+c8OM/O62frmDOaWSU/4Lx/AGX6o5E=</latexit>

� : u 7! (�(u1), . . . ,�(up))
> applies the scalar function � to each coe�cient of the input vector.

<latexit sha1_base64="E/rPfgBPvEMxdkoCOENQ/UJB9tg="></latexit>

to each coe�cient of the input vector.
<latexit sha1_base64="ZfSsxzRzO/5p0VYE1U0AThfAJzo=">AAACGHicbVDLTgJBEJzFF+IL9ehlIjHxhLtookeiF4+YyCMBQmaHXpgwu7OZ6SWSDZ/hxV/x4kFjvHLzbxweBwU7maRS1d3TVX4shUHX/XYya+sbm1vZ7dzO7t7+Qf7wqGZUojlUuZJKN3xmQIoIqihQQiPWwEJfQt0f3E31+hC0ESp6xFEM7ZD1IhEIztBSnfxFC+EJU1QUGO9TriCwooAIqQoo9oGKKE6QDoGj0sVxJ19wi+6s6CrwFqBAFlXp5CetruJJaDdyyYxpem6M7ZRpFFzCONdKDMSMD1gPmhZGLATTTmfGxvTMMl0aKG2fvWjG/p5IWWjMKPRtZ8iwb5a1Kfmf1kwwuGmnM2sQ8flHQSKpzWGaEu0KbQ3LkQWMa2FvpbzPNONos8zZELxly6ugVip6l8XSw1WhfLuII0tOyCk5Jx65JmVyTyqkSjh5Jq/knXw4L86b8+l8zVszzmLmmPwpZ/ID+YSgWA==</latexit>

� is often called an activation function.
<latexit sha1_base64="eyERsveSWPUpmYSbKlrGraiH2+w="></latexit>

A Nonlinear Example - Feed-forward neural nets



Definition
Definition

Neural networks are non-linear estimators of the form

f(w, x) = �
�
w>

s �
�
. . . ,�(w>

1 x)
��

<latexit sha1_base64="lR9AWbrZsFA1oJRTTjSRI3oRSXM="></latexit>

where for all i 2 {1, . . . , s}, wi 2 Rni⇥ni�1
<latexit sha1_base64="2xwV2+/hNvE7oxAnKbq0JE0a8qk="></latexit>

Remarks :

n0 must match the dimension d of the input x.
<latexit sha1_base64="ThQtrI8NvvRyvJCx14wQEjmgwq4=">AAACKXicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxgH9CWkknvtKGZzJDckZahv+PGX3GjoKhbf8R0WkFbDwQO59yb5Bw/lsKg6344S8srq2vruY385tb2zm5hb79mokRzqPJIRrrhMwNSKKiiQAmNWAMLfQl1f3A98ev3oI2I1B2OYmiHrKdEIDhDK3UKZdVxaQthiCkNE4M0ZMj7FPtAuyIENVmkY9r9mYmCzBMqTtDqw1KnUHRLbga6SLwZKZIZKp3CS6sb8cTejVwyY5qeG2M7ZRoFlzDOtxIDMeMD1oOmpYqFYNpplnRMj63SpUGk7VFIM/X3RspCY0ahbydtkL6Z9ybif14zweCynWaxQPHpQ0EiKUZ0UpstQwNHObKEcS3sXynvM8042nLztgRvPvIiqZ2WvLPS6e15sXw1qyNHDskROSEeuSBlckMqpEo4eSBP5JW8OY/Os/PufE5Hl5zZzgH5A+frG4fhpis=</latexit>

Examples of standard activation functions include
<latexit sha1_base64="oR6JlltoSgEebl8kBhEB9YScsnM=">AAACInicbVDLSgNBEJz1bXxFPXoZDIKnsKuCehNF8KhgEiEJoXe2VwdnZ5eZXjEs+RYv/ooXD4p6EvwYJzEHTSwYKKqq6ekKMyUt+f6nNzE5NT0zOzdfWlhcWl4pr67VbZobgTWRqtRchWBRSY01kqTwKjMISaiwEd6e9P3GHRorU31J3QzbCVxrGUsB5KRO+bBFeE/F6T0kmULL05hbAh2BiTgIkneDHI9zLfrEcqmFyiPkvU654lf9Afg4CYakwoY475TfW1Eq8gQ1CQXWNgM/o3YBhqRQ2Cu1cosZiFu4xqajGhK07WJwYo9vOSXicWrc08QH6u+JAhJru0nokgnQjR31+uJ/XjOn+KBdSJ3lhFr8LIpzxSnl/b54JA0KUl1HQBjp/srFDRjXjWu15EoIRk8eJ/WdarBb3bnYqxwdD+uYYxtsk22zgO2zI3bGzlmNCfbAntgLe/UevWfvzfv4iU54w5l19gfe1zfdZqUW</latexit>

ReLU : t 7! max(t, 0)
<latexit sha1_base64="6aqXxHKNuavFGAnCVPb9Zku7mw4=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGIIGE3CopV0MbCIop5QBLC7OQmGTL7YOauJCzpbfwVGwtFbP0BO//GyaPQxAPDHM65l5lz3FAKjbb9bSWWlldW15LrqY3Nre2d9O5eRQeR4lDmgQxUzWUapPChjAIl1EIFzHMlVN3+1divPoDSIvDvcRhC02NdX3QEZ2ikVjrTQBhgfAc35RG9oEgbHgs1BuN7kMNjah+10lk7b09AF4kzI1kyQ6mV/mq0Ax554COXTOu6Y4fYjJlCwSWMUo1IQ8h4n3WhbqjPPNDNeJJlRA+N0qadQJnjI52ovzdi5mk99Fwz6THs6XlvLP7n1SPsnDdj4YcRgs+nD3UiSU3WcTG0LRRwlENDGFfC/JXyHlOMo6kvZUpw5iMvkkoh75zkC7en2eLlrI4kOSAZkiMOOSNFck1KpEw4eSTP5JW8WU/Wi/VufUxHE9ZsZ5/8gfX5A5agmXU=</latexit>

Sigmoid : t 7! 1

1 + exp(�t)
<latexit sha1_base64="DtWWBI7MiaNoUul6EGgG6F3iEZc=">AAACGnicbVBNSwMxFMzWr1q/qh69BIugiGVXBcWT6MVjRauFbinZ9G0bTHaX5K1Ylv0dXvwrXjwo4k28+G9Maw9aHQgMM+/xMhMkUhh03U+nMDE5NT1TnC3NzS8sLpWXV65MnGoOdR7LWDcCZkCKCOooUEIj0cBUIOE6uDkd+Ne3oI2Io0vsJ9BSrBuJUHCGVmqXPR/hDrML0VWx6OT0iCL1FUsMxtQPNeOZl2ce3aY+3CWbO7iVt8sVt+oOQf8Sb0QqZIRau/zud2KeKoiQS2ZM03MTbGVMo+AS8pKfGkgYv2FdaFoaMQWmlQ2j5XTDKh0axtq+COlQ/bmRMWVMXwV2UjHsmXFvIP7nNVMMD1uZiJIUIeLfh8JUUpt70BPtCA0cZd8SxrWwf6W8x2whaNss2RK88ch/ydVu1dur7p7vV45PRnUUyRpZJ5vEIwfkmJyRGqkTTu7JI3kmL86D8+S8Om/fowVntLNKfsH5+AKZ25/s</latexit>

Tanh : t 7! et � e�t

et + e�t
<latexit sha1_base64="8D48JOu3yNVfwD/MhnSAfui89jQ=">AAACInicbVDLSgNBEJz1bXxFPXoZDIIght0o+DgFvXhUMDGQjWF20muGzM4uM71iWPZbvPgrXjwo6knwY5zECL4KBqqruunpChIpDLrumzM2PjE5NT0zW5ibX1hcKi6v1E2cag41HstYNwJmQAoFNRQooZFoYFEg4SLoHQ/8i2vQRsTqHPsJtCJ2pUQoOEMrtYsHPsINZudMdXN6SJH6EUsMxtQPNeMZXCLdpnCZbWOeD6utr6pdLLlldwj6l3gjUiIjnLaLL34n5mkECrlkxjQ9N8FWxjQKLiEv+KmBhPEeu4KmpYpFYFrZ8MScblilQ8NY26eQDtXvExmLjOlHge2MGHbNb28g/uc1Uwz3W5lQSYqg+OeiMJXURjDIi3aEBo6ybwnjWti/Ut5lNhu0qRZsCN7vk/+SeqXs7ZQrZ7ul6tEojhmyRtbJJvHIHqmSE3JKaoSTW3JPHsmTc+c8OM/O62frmDOaWSU/4Lx/AGX6o5E=</latexit>

� : u 7! (�(u1), . . . ,�(up))
> applies the scalar function � to each coe�cient of the input vector.

<latexit sha1_base64="E/rPfgBPvEMxdkoCOENQ/UJB9tg="></latexit>

to each coe�cient of the input vector.
<latexit sha1_base64="ZfSsxzRzO/5p0VYE1U0AThfAJzo=">AAACGHicbVDLTgJBEJzFF+IL9ehlIjHxhLtookeiF4+YyCMBQmaHXpgwu7OZ6SWSDZ/hxV/x4kFjvHLzbxweBwU7maRS1d3TVX4shUHX/XYya+sbm1vZ7dzO7t7+Qf7wqGZUojlUuZJKN3xmQIoIqihQQiPWwEJfQt0f3E31+hC0ESp6xFEM7ZD1IhEIztBSnfxFC+EJU1QUGO9TriCwooAIqQoo9oGKKE6QDoGj0sVxJ19wi+6s6CrwFqBAFlXp5CetruJJaDdyyYxpem6M7ZRpFFzCONdKDMSMD1gPmhZGLATTTmfGxvTMMl0aKG2fvWjG/p5IWWjMKPRtZ8iwb5a1Kfmf1kwwuGmnM2sQ8flHQSKpzWGaEu0KbQ3LkQWMa2FvpbzPNONos8zZELxly6ugVip6l8XSw1WhfLuII0tOyCk5Jx65JmVyTyqkSjh5Jq/knXw4L86b8+l8zVszzmLmmPwpZ/ID+YSgWA==</latexit>

� is often called an activation function.
<latexit sha1_base64="eyERsveSWPUpmYSbKlrGraiH2+w="></latexit>

The integer s  is often called the depth of the neural net. A neural 
network is called a deep neural net as soon as s � 2

<latexit sha1_base64="aP/flDQHmvv0a6mCi1s7WQNkqy8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqa9Id4JhUe6WyW3HnIKvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nAabGbakwoG9EBdiyVNELtZ/N7p+TcKn0SxsqWNGSu/p7IaKT1JApsZ0TNUC97M/E/r5Oa8MbPuExSg5ItFoWpICYms+dJnytkRkwsoUxxeythQ6ooMzaiog3BW355lTSrFe+yUn24Ktdu8zgKcApncAEeXEMN7qEODWAg4Ble4c0ZOy/Ou/OxaF1z8pkT+APn8wcEzo9M</latexit>

A Nonlinear Example - Feed-forward neural nets



Definition Visualisation
Definition

Neural networks are non-linear estimators of the form

f(w, x) = �
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w>
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�
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1 x)
��

<latexit sha1_base64="lR9AWbrZsFA1oJRTTjSRI3oRSXM="></latexit>

where for all i 2 {1, . . . , s}, wi 2 Rni⇥ni�1
<latexit sha1_base64="2xwV2+/hNvE7oxAnKbq0JE0a8qk="></latexit>

Remarks :

n0 must match the dimension d of the input x.
<latexit sha1_base64="ThQtrI8NvvRyvJCx14wQEjmgwq4=">AAACKXicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxgH9CWkknvtKGZzJDckZahv+PGX3GjoKhbf8R0WkFbDwQO59yb5Bw/lsKg6344S8srq2vruY385tb2zm5hb79mokRzqPJIRrrhMwNSKKiiQAmNWAMLfQl1f3A98ev3oI2I1B2OYmiHrKdEIDhDK3UKZdVxaQthiCkNE4M0ZMj7FPtAuyIENVmkY9r9mYmCzBMqTtDqw1KnUHRLbga6SLwZKZIZKp3CS6sb8cTejVwyY5qeG2M7ZRoFlzDOtxIDMeMD1oOmpYqFYNpplnRMj63SpUGk7VFIM/X3RspCY0ahbydtkL6Z9ybif14zweCynWaxQPHpQ0EiKUZ0UpstQwNHObKEcS3sXynvM8042nLztgRvPvIiqZ2WvLPS6e15sXw1qyNHDskROSEeuSBlckMqpEo4eSBP5JW8OY/Os/PufE5Hl5zZzgH5A+frG4fhpis=</latexit>

Examples of standard activation functions include
<latexit sha1_base64="oR6JlltoSgEebl8kBhEB9YScsnM=">AAACInicbVDLSgNBEJz1bXxFPXoZDIKnsKuCehNF8KhgEiEJoXe2VwdnZ5eZXjEs+RYv/ooXD4p6EvwYJzEHTSwYKKqq6ekKMyUt+f6nNzE5NT0zOzdfWlhcWl4pr67VbZobgTWRqtRchWBRSY01kqTwKjMISaiwEd6e9P3GHRorU31J3QzbCVxrGUsB5KRO+bBFeE/F6T0kmULL05hbAh2BiTgIkneDHI9zLfrEcqmFyiPkvU654lf9Afg4CYakwoY475TfW1Eq8gQ1CQXWNgM/o3YBhqRQ2Cu1cosZiFu4xqajGhK07WJwYo9vOSXicWrc08QH6u+JAhJru0nokgnQjR31+uJ/XjOn+KBdSJ3lhFr8LIpzxSnl/b54JA0KUl1HQBjp/srFDRjXjWu15EoIRk8eJ/WdarBb3bnYqxwdD+uYYxtsk22zgO2zI3bGzlmNCfbAntgLe/UevWfvzfv4iU54w5l19gfe1zfdZqUW</latexit>

ReLU : t 7! max(t, 0)
<latexit sha1_base64="6aqXxHKNuavFGAnCVPb9Zku7mw4=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGIIGE3CopV0MbCIop5QBLC7OQmGTL7YOauJCzpbfwVGwtFbP0BO//GyaPQxAPDHM65l5lz3FAKjbb9bSWWlldW15LrqY3Nre2d9O5eRQeR4lDmgQxUzWUapPChjAIl1EIFzHMlVN3+1divPoDSIvDvcRhC02NdX3QEZ2ikVjrTQBhgfAc35RG9oEgbHgs1BuN7kMNjah+10lk7b09AF4kzI1kyQ6mV/mq0Ax554COXTOu6Y4fYjJlCwSWMUo1IQ8h4n3WhbqjPPNDNeJJlRA+N0qadQJnjI52ovzdi5mk99Fwz6THs6XlvLP7n1SPsnDdj4YcRgs+nD3UiSU3WcTG0LRRwlENDGFfC/JXyHlOMo6kvZUpw5iMvkkoh75zkC7en2eLlrI4kOSAZkiMOOSNFck1KpEw4eSTP5JW8WU/Wi/VufUxHE9ZsZ5/8gfX5A5agmXU=</latexit>

Sigmoid : t 7! 1

1 + exp(�t)
<latexit sha1_base64="DtWWBI7MiaNoUul6EGgG6F3iEZc=">AAACGnicbVBNSwMxFMzWr1q/qh69BIugiGVXBcWT6MVjRauFbinZ9G0bTHaX5K1Ylv0dXvwrXjwo4k28+G9Maw9aHQgMM+/xMhMkUhh03U+nMDE5NT1TnC3NzS8sLpWXV65MnGoOdR7LWDcCZkCKCOooUEIj0cBUIOE6uDkd+Ne3oI2Io0vsJ9BSrBuJUHCGVmqXPR/hDrML0VWx6OT0iCL1FUsMxtQPNeOZl2ce3aY+3CWbO7iVt8sVt+oOQf8Sb0QqZIRau/zud2KeKoiQS2ZM03MTbGVMo+AS8pKfGkgYv2FdaFoaMQWmlQ2j5XTDKh0axtq+COlQ/bmRMWVMXwV2UjHsmXFvIP7nNVMMD1uZiJIUIeLfh8JUUpt70BPtCA0cZd8SxrWwf6W8x2whaNss2RK88ch/ydVu1dur7p7vV45PRnUUyRpZJ5vEIwfkmJyRGqkTTu7JI3kmL86D8+S8Om/fowVntLNKfsH5+AKZ25/s</latexit>

Tanh : t 7! et � e�t

et + e�t
<latexit sha1_base64="8D48JOu3yNVfwD/MhnSAfui89jQ=">AAACInicbVDLSgNBEJz1bXxFPXoZDIIght0o+DgFvXhUMDGQjWF20muGzM4uM71iWPZbvPgrXjwo6knwY5zECL4KBqqruunpChIpDLrumzM2PjE5NT0zW5ibX1hcKi6v1E2cag41HstYNwJmQAoFNRQooZFoYFEg4SLoHQ/8i2vQRsTqHPsJtCJ2pUQoOEMrtYsHPsINZudMdXN6SJH6EUsMxtQPNeMZXCLdpnCZbWOeD6utr6pdLLlldwj6l3gjUiIjnLaLL34n5mkECrlkxjQ9N8FWxjQKLiEv+KmBhPEeu4KmpYpFYFrZ8MScblilQ8NY26eQDtXvExmLjOlHge2MGHbNb28g/uc1Uwz3W5lQSYqg+OeiMJXURjDIi3aEBo6ybwnjWti/Ut5lNhu0qRZsCN7vk/+SeqXs7ZQrZ7ul6tEojhmyRtbJJvHIHqmSE3JKaoSTW3JPHsmTc+c8OM/O62frmDOaWSU/4Lx/AGX6o5E=</latexit>

Input

Hidden  
Layer 2

Hidden  
Layer 3

Output

Hidden  
Layer 1

� : u 7! (�(u1), . . . ,�(up))
> applies the scalar function � to each coe�cient of the input vector.

<latexit sha1_base64="E/rPfgBPvEMxdkoCOENQ/UJB9tg="></latexit>

to each coe�cient of the input vector.
<latexit sha1_base64="ZfSsxzRzO/5p0VYE1U0AThfAJzo=">AAACGHicbVDLTgJBEJzFF+IL9ehlIjHxhLtookeiF4+YyCMBQmaHXpgwu7OZ6SWSDZ/hxV/x4kFjvHLzbxweBwU7maRS1d3TVX4shUHX/XYya+sbm1vZ7dzO7t7+Qf7wqGZUojlUuZJKN3xmQIoIqihQQiPWwEJfQt0f3E31+hC0ESp6xFEM7ZD1IhEIztBSnfxFC+EJU1QUGO9TriCwooAIqQoo9oGKKE6QDoGj0sVxJ19wi+6s6CrwFqBAFlXp5CetruJJaDdyyYxpem6M7ZRpFFzCONdKDMSMD1gPmhZGLATTTmfGxvTMMl0aKG2fvWjG/p5IWWjMKPRtZ8iwb5a1Kfmf1kwwuGmnM2sQ8flHQSKpzWGaEu0KbQ3LkQWMa2FvpbzPNONos8zZELxly6ugVip6l8XSw1WhfLuII0tOyCk5Jx65JmVyTyqkSjh5Jq/knXw4L86b8+l8zVszzmLmmPwpZ/ID+YSgWA==</latexit>

� is often called an activation function.
<latexit sha1_base64="eyERsveSWPUpmYSbKlrGraiH2+w="></latexit>

The integer s  is often called the depth of the neural net. A neural 
network is called a deep neural net as soon as s � 2

<latexit sha1_base64="aP/flDQHmvv0a6mCi1s7WQNkqy8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqa9Id4JhUe6WyW3HnIKvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nAabGbakwoG9EBdiyVNELtZ/N7p+TcKn0SxsqWNGSu/p7IaKT1JApsZ0TNUC97M/E/r5Oa8MbPuExSg5ItFoWpICYms+dJnytkRkwsoUxxeythQ6ooMzaiog3BW355lTSrFe+yUn24Ktdu8zgKcApncAEeXEMN7qEODWAg4Ble4c0ZOy/Ou/OxaF1z8pkT+APn8wcEzo9M</latexit>

A Nonlinear Example - Feed-forward neural nets



A recursive bound

A complexity result for feed-forward neural nets

Proposition : A recursive bound 

Let L be a class of functions from Rd to R that includes the zero function.
<latexit sha1_base64="rqv3dKz1kvIUkJVmtc93DMEynMg="></latexit>

Let � : R ! R be �-Lipschitz.
<latexit sha1_base64="8SkOd3Ugbq2HoRzQ46YNS1+UKlE="></latexit>

Define L0 :=

8
<

:x 2 Rd ! �

0

@
mX

j=1

wj lj(x) + b

1

A 2 R : |b|  �, kwk1  !, l1, . . . , lm 2 L

9
=

; .

<latexit sha1_base64="taj8izPBRniS4Snkj8t7ppXihSA="></latexit>
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8
<
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0

@
mX

j=1
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9
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<latexit sha1_base64="cQfI6yjHlml0jwKhUcbq6qFpqH4="></latexit>

Rad (L0
x)  �

✓
�p
n
+ 2!Rad (Lx)

◆
,

<latexit sha1_base64="Qy9sW/rpktsTrggggPn+JynELcw="></latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

L0
x = {`(x1), . . . , `(xn), ` 2 L0}.

<latexit sha1_base64="xwUQ7bQjKZfhIfnxfMzG3CGfawk="></latexit>

L = {`(x1), . . . , `(xn), ` 2 L},
<latexit sha1_base64="9EYtf/zfp4zu27rme/1j/GI9+DM="></latexit>

Then, for x = (x1, . . . , xn) 2 Xn,
<latexit sha1_base64="dDNu0tjjX/FzL8+MFEKIKVKYR1s="></latexit>
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Rad (L0
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<latexit sha1_base64="Qy9sW/rpktsTrggggPn+JynELcw="></latexit>

where
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L = {`(x1), . . . , `(xn), ` 2 L},
<latexit sha1_base64="9EYtf/zfp4zu27rme/1j/GI9+DM="></latexit>

Then, for x = (x1, . . . , xn) 2 Xn,
<latexit sha1_base64="dDNu0tjjX/FzL8+MFEKIKVKYR1s="></latexit>

Proof : on the black board.
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<latexit sha1_base64="Qy9sW/rpktsTrggggPn+JynELcw="></latexit>

where
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L0
x = {`(x1), . . . , `(xn), ` 2 L0}.

<latexit sha1_base64="xwUQ7bQjKZfhIfnxfMzG3CGfawk="></latexit>

L = {`(x1), . . . , `(xn), ` 2 L},
<latexit sha1_base64="9EYtf/zfp4zu27rme/1j/GI9+DM="></latexit>

Complexity result

Then, for x = (x1, . . . , xn) 2 Xn,
<latexit sha1_base64="dDNu0tjjX/FzL8+MFEKIKVKYR1s="></latexit>

Proof : on the black board.

Proposition : A recursive bound 

Proof : exercise!

Let � be �-Lipschitz.
<latexit sha1_base64="KI17Vqa9lEmxFrSAKvfPvku9/t0=">AAACJnicbZDJSgNBEIZ7XGPcoh69NAbBi2EmCnoRgl485BDBLJCE0NOpJE26Z4buGjEOeRovvooXDxERbz6KnUVcf2j4+aqK6vr9SAqDrvvmzM0vLC4tp1bSq2vrG5uZre2KCWPNocxDGeqazwxIEUAZBUqoRRqY8iVU/f7FuF69AW1EGFzjIIKmYt1AdARnaFErc9ZAuEWa0CIgHdKGEV3F6Cf0Ycy6TH2xw6KIDO8JvMvRYSuTdXPuRPSv8WYmS2YqtTKjRjvksYIAuWTG1D03wmbCNAouYZhuxAYixvusC3VrA6bANJPJmUO6b0mbdkJtX4B0Qr9PJEwZM1C+7VQMe+Z3bQz/q9Vj7Jw2ExFEMULAp4s6saQY0nFmtC00cJQDaxjXwv6V8h7TjKNNNm1D8H6f/NdU8jnvKJe/Os4WzmdxpMgu2SMHxCMnpEAuSYmUCSf35JGMyLPz4Dw5L87rtHXOmc3skB9y3j8AoxukqQ==</latexit>

Consider the class L of neural networks losses with n layers `(k)(x) := �(k)
⇣
w(k)x+ b(k)

⌘
,

<latexit sha1_base64="UZeOw4GUHjGa481sFnL9HH7w2i0="></latexit>

Then, for any x = (x1, . . . , xn) 2 Rd⇥n, the set Lx satisfies
<latexit sha1_base64="FOEIQOF/29aaClXrKTIYFa/wbrk="></latexit>

Rad (Lx) 
1p
n

 
� + 2!��

◆�3X

k=0

(2!�)k + 2!(2!�)◆�2 max
i

kxik1
p

2 log(2d)

!
.

<latexit sha1_base64="VQBbOa2r5mBQN9wyTEU9GDqPYPE="></latexit>

`(k)(x) :=

⇢
�
�
w(k)x+ b(k)

�
if k  n� 1

w(n)x+ b(b) if k = n
such that

<latexit sha1_base64="Nn1sKRP4Q8z3TP3AxWNb23g3cpE="></latexit>

���w(k)
���
1

 !, b(k)  �, 8k 2 {1, . . . , n}.
<latexit sha1_base64="7M0eToKh4Fy27UdbJHKZyQAhMTE="></latexit>


