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s Formal definition & Symmetrization Lemma

Proposition : Symmetrization lemma

Under the Empirical Risk Minimization Framework, we have :

Definition : Rademacher complexity of a class of functions 3

K [ supir — R < 2Rad(H).
Let (21,...,8,) be n ii.d. Rademacher variables. fqu{ (/) ()} (#)
We define the empirical Rademacher complexity of the hypothesis
— Proof : on the black board.
class H, denoted Rad(?—[), as
_ ‘ s Applications in the regression setting
Rad(#H) =E |sup — ZQ L (f Vi) | (X1, Y1), ..., (Xn, V)|,
fEH 1=1

- Proposition : Complexity for Lipschitz Losses

h h lexi f the cl ;
aundl e (e clemedher compliexdity oif Hhe diess 71, deacoted Had(fy), e Under the Empirical Risk Minimization Framework, if § — £(3,y)

is G-lipschitz, then

Rad(H) = E[Rad(H)] = E | sup — ZQ 0(f(X:),Y)

GEHTL

- Rad(H < G E |sup Q; fF(X) | Xq,..., X,
(H) fewz )1 X
Remarks : }

We will use from now on the Rademacher complexity to establish as a measure

Proof : on the black board.
of complexity of the hypothesis class H.

Remarks :
A fundamental result in this direction is the symmetrisation lemma. Hence, assuming assuming a Lipschitz error function allows us to focus on the

complexity spanned by the set of estimators rather than the composition

((f(X),Y).
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Proposition : Linear prediction with /;-constraints, and /5 bounded data. Remark :

A — Note the logarithmic dependency in the dimension!
Let H = {x— w'z,||w|s <c}, for ¢ > 0 fixed.
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Proof : on the black board. Rad (Tx) < max ||£IZZ Hoo \/ Og( ) |
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We directly deduce
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A Nonlinear Example - Feed-forward neural nets

s Definition m Visualisation
Definition
Neural networks are non-linear estimators of the form Hidden Hidden Hidden
Layer 1 Layer 2 Layer 3

flw,2) =0 (w, o (...,0(w, z)))
where for all i € {1,...,s},w; € R™*"i-1 INnput Output
og:u— (o(uy),..., O'(up))T applies the scalar function o

to each coefficient of the input vector.

Remarks :
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o 1s often called an activation function.
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Proposition : A recursive bound
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A complexity result for feed-forward neural nets

» A recursive bound s Complexity result
Proposition : A recursive bound Proposition : A recursive bound
Let £ be a class of functions from R? to R that includes the zero function. Let o be ~y-Lipschitz.
Let 0 : R — R be ~-Lipschitz. Consider the class £ of neural networks losses with n layers
(k) K)) ifk<n-—1
Define (B) () - O‘(W r+0b ) it k<n
! . d 7. .
L= {:UER %0(;?1)][](56)4—[)) 6R.b<6,w1<w,l1,...,lm6£}. Hw(k)H §w,b(k)§ﬁ,\vlk‘€{1,...,n}.
Then, for x = (1,...,T,) € X",
3 Then, for any x = (x1,...,2,) € RYX™  the set L, satisfies
' < M
Rad (£,) <~ (\/ﬁ + 2w Rad (Ex)) : 1 -
where Rad (£,) < NG <B + 2w ;(Qw)\)k + 2w(2wA) 2 max || v/2 10g(2d)> .
L={lx1),...,0x,),L €L}
[:;; = {l(xz1),...,0(x,),L € ﬁ’}, Proof : exercise!

Proof : on the black board.



